Dipartimento

Economia e Statistica
Cognetti de Martiis

Working Paper Series

07/20

IMPROVEMENT ON THE LR TEST STATISTIC ON THE
COINTEGRATING RELATIONS IN VAR MODELS:
BOOTSTRAP METHODS AND APPLICATIONS

Campus Luigi Einaudi, Lungo Dora Siena 100/A, 10153 Torino (Italy)

i
3=
Y
s
(D]
aw
e
e
(D]
(o)
on
(@]
%
(V5]
@]
=
V5]
=
(g}
g
(7]
a
(e
(g7}
[75]
9
(@]
(o)
(@]
@]
=
(-
o
g
o
£
dd
Yt
(g}
o
(D]
a

www.est.unito.it

ALESSANDRA CANEPA

UNIVERSITA
DEGLI STUDI
DI TORINO The Department of Economics and Statistics “Cognetti de Martiis” publishes research papers

authored by members and guests of the Department and of its research centers. ISSN: 2039-4004







Improvement on the LR Test Statistic on the
Cointegrating Relations in VAR Models:
Bootstrap Methods and Applications

Alessandra Canepa

University of Turin*
and Brunel University London

March 26, 2020

Abstract

A Bartlett corrected likelihood ratio test for linear restrictions on the
cointegrating relations is examined in Johansen (2000). Simulation results
show that the performance of the corrected LR test statistic is highly
dependent on the values of the parameters of the model. In order to
reduce this dependency, it is proposed that the finite sample expectation
of the LR test be estimated using the bootstrap. It is found that the
bootstrap Bartlett correction often succeeds in this task.
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1 Introduction

The procedure for estimating and testing cointegrating relationships described
in Johansen (1988) is available in virtually all econometric software packages
and is widely used in applied research. Briefly this method involves maximizing
the Gaussian likelihood function and analysing the eigenvalues and eigenvectors
found using the reduced rank regression method. Once that the number of coin-
tegrating vectors has been determined, hypotheses on the structural economic
relationships underlying the long-run model can be tested using the likelihood
ratio (LR) test.

Although the LR test of linear restriction of cointegrating vectors has the
correct size asymptotically, many studies contain reports that the approximation
of the x? distribution to the finite sample distribution of the LR test can be
seriously inaccurate see, for example, Haug (2002), or Fachin (2000)). In order
to address this problem Johansen (2000) proposes a Bartlett adjustment for LR
statistic and analytically derives the asymptotic expansions needed to calculate
the expectation of the test statistic. Multiplying the unadjusted statistic by a
factor derived from an asymptotic expansion of the expectation test provides a
closer approximation of the resulting adjusted statistic to the x? distribution,
thus reducing the size distortion problem. The draw back of the coin is that the
Johansen (2000) Bartlett correction factor is quite difficult to apply. Moreover,
simulation results indicate that the correction factor is useful for some parameter
values but does not work well for others. As Johansen (2000) points out "the
influence of the parameters is crucial [.....] There are parameters points close
to the boundary where the order of integration or the number of cointegrating
relations change, and where the correction does not work well" (cf. Johansen
(2000) p.741).

We believe that the dependency on the parameter values may be reduced by
computing the Bartlett adjustment using the non-parametric bootstrap. This
method involves calculating a number of bootstrap values of the LR test sta-

tistic and estimating the expected value of the test statistic by the average



value of the bootstrapped LR statistics. The bootstrap Bartlett method was
first proposed in Rocke (1989) where hypothesis testing in seemingly unrelated
regression models was considered. Rocke’s simulation results showed that the
Bartlett adjustment for the LR test determined using the non-parametric boot-
strap was considerably more accurate than the Bartlett adjustment from the
second-order asymptotic method of Rothenberg (1984).

The purpose of this work is to see if the Bartlett adjustment approximated
using the bootstrap method is able to reduce the finite sample dependency of the
null rejection probability of the LR test statistic on parameter values. If such
an application were to be successful, it would deliver improvements upon the
analytic Bartlett correction proposed in Johansen (2000) both in applicability
and accuracy.

It is also of interest to compare the bootstrap Bartlett method with the
straightforward bootstrap method, in which the significance level assigned to
Gr = —2(log(LR)) is the fraction of the G;r greater than Gr. In principle
we may expect the two methods to obtain the same accuracy (i.e. similar
empirical sizes), but the former to be less computationally intensive than the
latter. Generally speaking, estimating a moment of a distribution requires fewer
trials than estimating the tail of the same distribution. This result is formally
proven in Rocke (1989).

Thus, in this paper the bootstrap is used in two ways: first, to approximate
a Bartlett-type correction; and second to estimate the p-value of the observed
test statistic. In addition, we compare the performance of the proposed proce-
dures with the F-type test of Podivinsky (1992). Finally, it is well known that
the Bartlett correction factor is designed to bring the actual size of asymptotic
tests close to their respective nominal size, but it may lead to a loss in power.
Accordingly, the power properties of the proposed procedures will be consid-
ered. Throughout the paper, the bootstrap accuracy in small samples is mainly
investigated through Monte Carlo studies, although an empirical application is

provided to illustrate the performance of the bootstrap with some real data.



We will close this section by a brief presentation of the Bartlett correction.
In the next Section we introduce the LR test for linear restrictions on coin-
tegrated space, the Bartlett correction of Johansen (2000), the F-type test of
Podivinsky (1992) and the bootstrap inference procedures. In Section 3, the
design of the Monte Carlo experiment is explained and the simulation results
are reported. In Section 4 an empirical application is considered and Section 5

contains conclusions.

The Bartlett Correction

The Bartlett correction is based on a simple idea, but it can be very effective
in reducing the finite sample size distortion problem of the LR tests. Briefly,
this method consists of scaling the test statistic by the ratio of its asymptotic
and estimated finite sample expectations. In other words, instead of looking
directly at Gp = —2(log(LR)), which as T' — oo tends to G, we focus on the

. . . G . G
distribution of WTT) Given that WTT) —
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Typically it is difficult to find an exact expression for E (Gr), one can instead
find an approximation of the form

E(GT):(](l—FBCZ(_,G))—l—O(T_Q)’

where ¢ is equal the degree of freedom parameter for the test. Thus the statistic

has expectation closer to that of x? than Gp. In Lawley (1956) it is proved
that, under the assumption of i.i.d. variables, the Bartlett correction not only
improves the mean but also implies that all cumulants of the corrected statistic
match that of a x? density to the order O(T~3/2). The latter result explains
why the correction works so well in practice; see, for example, Barndorff-Nielsen

and Cox (1984).



The application of the Bartlett’s correction in the context of time series
models is relatively recent. For example, a correction factor for the LR tests for
AR(1) and M A(1) models is given in Taniguchi (1990) and an expression for the
Bartlett correction factor for models belonging to the stationary, invertible and
Gaussian ARM A family is obtained in Lagos and Morettin (2000). However,
the debate on the usefulness (or the legitimate use) of the Bartlett correction
for (1) processes is still unsettled. Although it is established in Jensen and
Wood (1997) that, in the AR(1) case, the Bartlett correction only corrects
the first moment, results from Bravo (1999) and Nielsen (1997) showed that a
Bartlett-type correction to the LR test for unit root in practice can improve the

asymptotic approximation considerably.

2 Model and Tests

Consider the p-dimensional VAR model

k—1
AV, =a(BY,1+p' D)+ Y TiAY i+ ¢di+e, t=1,..,T (1)
i=1

where Y; and &; are (p x 1) vectors, with e, «~ NID(0,Q), and AY; =Y; —Y;_;.
Matrices of coefficients have the following dimensions: « and S are (p x r);
@ is (pxpa); pis (paxr); and T'y..., Ty are (p x p).Also d; (pg x 1) and
D, (pp x 1) are deterministic terms in (1). Once the cointegrating rank has
been established we can test for linear restrictions on cointegrating space. For
consistency with the framework of Podivinsky (1992), we focus on the hypothesis
Hy : 8 = Hy, where H (p x s) for r < s < pis a known matrix that specifies that
the restrictions (s) are imposed on all cointegrating vectors (r); see Johansen
(1996) for discussion of tests for other hypotheses. The test statistic for Hy can

be obtained from the concentrated likelihood function and is given by

Gr=-1Ym[(1-3)/(1-%)]. 2



where ); and ); are the usual eigenvalues implied by the maximum likelihood
estimation of the restricted and unrestricted models, respectively. The limiting
distribution of /3 is a Gaussian mixture and G is asymptotically distributed as
X2 (r (p — s)) under the null hypothesis.

A Bartlett correction factor for the LR test is derived in Johansen (2000).
This correction depends upon the null hypothesis on the cointegrating coeffi-
cients of the VAR. In our case an approximation to order 7! for the Bartlett-

correction factor is given by

= 1+=|s(P+s—r+1+pi+kp) (3)

E[-21n(LR)] 1 [1
r(p—s) T (2

+Tir 2p+s—3r—1]v(a)+2c(a)+ cq ()]

where v (a) = tr{o/Q_lozZBﬂ}, with > 55 = Var(B'Y|AYy, ..., AY;_p12),
¢q = pqv (), and the constant ¢ («) is given in Johansen (2000). Note that,
in Johansen (2002), a Bartlett correction factor for the LR test is derived
assuming that the adjustment parameter « is known. Although theoretically
interesting, this case is less relevant in applied work so we restrict our attention
to Johansen (2000) where this assumption is dropped.

Alternative small sample corrections of the LR test for linear restrictions on
cointegrating space have been proposed in Podivinsky (1992) and Psaradakis
(1994). Podivinsky suggested an F-type test while Psaradakis proposed a simple
correction factor for the LR test. However, results given in Canepa (2005)
showed that F-type test of Podivinsky (1992) largely outperformed the small
sample corrected LR test of Psaradakis (1994). Consequently we restrict our
attention to the former procedure.

After considering the analogy with the classical linear regression theory, it
is proposed in Podivinsky (1992) to base an approximation on an F-type test.

Let



and [ be the number of parameters estimated subject to the maintained hypoth-
esis IT = /', then
(5-8) /=)
S/(T 1)
is taken to have an F distribution with (r (p —s),T — 1) degrees of freedom

under Hy.

Rather than relying upon either asymptotic theory or an analytical Bartlett
correction it is proposed below that the non-parametric bootstrap be used to
reduce the size distortion of the LR test. The bootstrap is used to obtain two
tests. The first of these procedures is in the spirit of Rocke (1989) and the
second is a straightforward application of the bootstrap p-value approach. We
will examine them in turn (note: the subscript () will be used to indicate the
bootstrap analog throughout the paper).

Calculating the bootstrap Bartlett corrected LR test (BSB) involves un-
dertaking a simulation study using the constrained estimates of 6, denoted by
0= (&, B, f‘,', &, o Q) , conditional on the initial values Yy and AYj, as the true
values. Given these estimates and any required starting values, bootstrap data
can be generated recursively after resampling residuals. From each generated
sample, one obtains a bootstrap value of the LR statistic whose average, de-
noted by é;, estimates the mean of the LR statistic under the null hypothesis.
The corrected statistic G = %575)) is then referred to a x? (r (p — s)) dis-
tribution. An heuristic explanation of why this procedure is asymptotically
valid is the following.

Let ¢d; = p (i.e. a constant term) and p = 0 in (1). Also define a; and 5,
as the p x (p —r) matrices, such that o’a; = 0 and 8’3, = 0. By the Granger
representation theorem the process {Y;} has the following Wold vector moving
average (M A) representation

t

Y, =CY e+ Cut+Ci (L) (e + ¢di) + Yo (4)

i=1

where C' = (| (aﬁ_FﬁL)_l o/, , and Cq (L) is a stable px p lag polynomial. From



the representation (4) it follows that {Y;} can be rewritten as the sum of an

I(1) component given by

t t
v/ =c (Z ei+ ut) =B, (e TB,)" (aiu + Zaget) ,
i=1

i=1

¢
where (aﬁ_ p+ Yo et> represents the (p — r) common trends along with their
i=1

coefficients 3, (/,'8,)"", an I(0) component, given by
VP =Cu (L) (e + ¢dy)

and an initial values denoted by Yy. Thus, the asymptotic properties of {Y;}
depend on which linear combination of the process we consider. Cointegration
implies multiplying Y, by 8'C = 0 so that linear combinations of 3'Y; are
stationary (note that the initial values cancel). In other words, the cointegrating
vectors act as a detrending model and 8'Cy (L) (g; + ¢d;) is a representation of
the disequilibrium error 3'Y; (see for example Johansen (1996) for more details).

Turning to the non-parametric bootstrap, let F. denotes the empirical den-
sity function of the residuals. The resampling scheme imposes that the charac-

teristic polynomial

e

-1
T (2)=(1-HI—af 2- S Ty(1—2)2,

=1

has p — r roots equal to 1 and all the other roots outside the unit circle
(0 < r < p). Thus the process generated by the resampling scheme
k-1
* - - * 3 *
AY =aB Y, + Zrz‘AYt—z‘ + ¢di + €,
i=1
where €} « F., has the following M A representation
t
Vi =CY e+ Cit+ G (L) (5 + di) + Y,
i=1

~l
and B Y;* is stationary. Moreover, under weak regularity conditions, the partial

sum of the €] satisfies the functional limit theorem



(7]
TN S W),
t=1

where W (r) denotes an (p — r)-dimensional Wiener process with covariance §2
and % stands for weak convergence conditional on the sample Y;.
Turning now to the Bartlett correction, the bootstrap Bartlett estimator is

consistent for all £ > 0, and for all w > 0 if

TlilnmP [sup ’ [\/f (é*T - E(GT)) < w} - {\FT (E(Gr) — Ex (Gr)) < w} ’ > f} =0.

Using the fundamental properties of the Mallows distance ds,see Bickel and

Freedman (1981), it can be proved that

I (ﬁ (é; . E(GT)) < w VT (B(Gr) — Ex (Gr)) < w)2 < 1y(M, Mo)?,

which shows that the distance between the bootstrap distribution and the finite-
sample distribution can be bounded by the distance between the empirical den-
sity function (M) and the underlying distribution function (M,). However, the

following result holds true
lim P [lo(M,Mx)? > ¢] =0.
T—o0

by the Glivenko-Cantelli theorem and the strong law of large numbers. Thus,
the first order asymptotic validity of the procedure results from the fact that the
parameters of model (1) are consistently estimated, the asymptotic distribution
is a smooth function of the disturbances, and lo(M, M, )? — 0.

The second bootstrap procedure is a straightforward application of the boot-
strap p-value approach. In this case the bootstrap values of LR are employed
to approximate the p-value of the observed value of the test statistic. The boot-
strap p-value is then compared with the desired null rejection probability: this
second test is denoted by BSP. By using the empirical distribution function

in place of some specific parametric distribution, the non-parametric bootstrap



does not require a choice of error distribution and this feature may be appealing
to the applied worker. In the literature it has been shown that in many cases
the bootstrap delivers an automatic approximation to the Edgeworth expan-
sion; see Hall (1992). Thus it can be considered as a numerical approximation
to analytical calculations of one-term Edgeworth expansion. For cointegrated
V AR models, due to the intricate analysis, the ability of the bootstrap test to
provide second order refinement is still an open question. An important break-
through in this literature is given in Park (2000) where asymptotic expansions
for the unit root models are developed and it is shown that the bootstrap test
provides asymptotic refinements for the Dickey-Fuller tests. Considering that
Johansen’s rank tests are the multivariate extensions of the (augmented) Dickey-
Fuller tests, Park’s results are quite promising. In practice, however, whether
a particular asymptotically valid technique is useful in small samples can only
be evaluated by simulation. Thanks to the increases in the power of computers,
the number of studies evaluating the usefulness and the limitations of bootstrap
inference in cointegrating systems is growing rapidly. For example, computer
intensive methods for inference on cointegrating vectors are considered in Gre-
denhoff and Jacobson (2001) and it is shown that the parametric bootstrap is
very effective in reducing the finite sample error in rejection probability. The
non-parametric bootstrap is examined in Fachin (2000) and the resulting boot-
strap test is found to be overly conservative. The results of Fachin (2000) are,
however, not confirmed in this study.

The steps used to implement the non-parametric bootstrap can be summa-

rized as follows:

Step (1) : Estimate (1) and compute Gr.

Step (2) : Resample the residuals from (&1, ...,&7) independently with re-
placement to obtain a bootstrap sample (e}, ...,5.). Generate the bootstrap
sample (y7, ..., yr) recursively from yo = 0 and (7, ...,&}) using the estimated
restricted model given in (1).

Step (3) : Compute the bootstrap replication of {G%} using (v3, ..., y;) -

10



If B is the number of bootstrap samples, the two bootstrap alternatives to
the use of asymptotic critical values can be implemented as follows.

Step (4) : Calculate the mean value of the bootstrap values of the test, Gy =
-1 i G} . A Bartlett-type corrected statistic is therefore BSB = %
The ZE%’B statistic is then compared with critical values from the asymptotic
2 (r (p — s)) distribution.

Step (5) : Compute the p-value function

B

P(Gr)=B"'> I(Giy>Gr),

i=1
where I(+) is the indicator function that equals one if the inequality is satisfied
and zero otherwise. The bootstrap test (BSP) is carried out by comparing
P*(Gr) with the desired critical level and rejecting the null hypothesis if G 7

in not greater than G .

3 The Monte Carlo experiment

Can the bootstrap be successfully applied to approximate the finite sample
expectation of the LR test? Also how does it compare to the available analytical
correction? Moreover, what can we say about alternative inference procedures?
These are the questions addressed in this section. With this target in mind, two
groups of experiments have been designed. In the first group of experiments
the effects of varying the model complexity (i.e. sample size, number of lags,
number of cointegrating vectors) in the VAR model will be investigated. The
second group of experiments is in the spirit of Haug (2002); also see Gonzalo
(1994). The performance of the test statistics will be evaluated on the basis
of their behavior in term of empirical sizes in response to variations of the key
parameters influencing the DGP.

Two models were simulated; the first imposes only one cointegrating vector
(le. B=[B11—1 By B3 O ]/), while model 2 allows for two cointegrat-

ing vectors (i.e. 7 = 2) among four integrated variables. Both models allow for

11



one to three lags (k). Thus, the DG Ps are given by:

DGP = DGP1 :
Ay 11 Yit—1 €1t
Ayar | 0 Your—1 €2¢
Ayse | 0 [ B11 Bar Bz 0 ] Y1 + Eas (5)
Ayay 0 Yat—1 a4t
DGP = DGP2
Ayie aji; 0 Yie—1 €1t
Aya | _ 0 o B11 Bar Bz O Yar—1 | | G2
Aysy 0 0 0 522 532 0 Yst—1 €3t
Ayyy 0 0 Yat—1 €4t

where [ €14, €3¢ €3 ea | areiid. with ey ~ N(0,9Q), Var (e;¢) = 0% and

COU(Eit, Ejt) =0.

All simulations were carried out using the matrix programming language
GAUSS. The Monte Carlo experiment is based n = 10, 000 replications for the
LR, BRT, F-type tests and (unless otherwise specified) on n = 1,000 replica-
tions for BSB and BSP. All the bootstrap distributions are generated from
resampling and calculating the test statistic 400 times, (i.e. B = 400). The
random number generator was restarted for each T' values and the initial value
set equal to zero. Note that in Johansen’s procedure the maximum likelihood
estimator of 5 in equation (1) is calculated by as the set of eigenvectors corre-
sponding to the s largest eigenvalues of S{]kS&)lSOk with respect to Sgi , where
S0, Skr and Spi are the moment matrices formed from the residuals Ay, and
Y+—k, respectively onto the Ay,_;. In this paper in place of the conventional
algorithm for cointegration analysis (i.e. the algorithm for maximum likelihood
estimation that use the second moment matrices) all the simulation results re-
ported are obtained using an algorithm based on QR decomposition In partic-
ular, we follow "Algorithm 3" in Doornik and O’Brien (2002), (p. 189). The
rationale of doing so is to obtain simulation results that are more numerically

stable.
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3.1 The probability of type I error

As far as the first group of experiments is concerned the Monte Carlo results
can be summarized as follows. The first thing to note in Table 1 is that in-
ference based on first order asymptotic critical values is markedly inaccurate
with excessively high rejection rates. In general, the proportionate error in null
rejection probability is higher the lower the nominal size of the test. For exam-
ple, for r = 1, T' = 50, k = 1 and nominal size of 1%, the empirical size can
be nearly four times as large as the reference nominal size, whereas when the
nominal size is 10% the empirical size is approximately twice as much the nom-
inal size. Increasing the number lags, k, dramatically increases the deviation
from the nominal levels. By contrast, allowing more cointegrating vectors, r,
in the system slightly reduces the size distortion. Turning to empirical sizes for
BRT, we can see that they are much closer to the nominal sizes than the first
order asymptotic critical values. The F-type test shows empirical sizes similar
to those of BRT, whereas BSB and BSP seem to be more sensitive to the
number of lags in the DG P, with the latter slightly outperforming the former.

Overall, the results in Table 1 show that the small sample adjusted LR
tests and their bootstrap counterparts are quite effective in reducing the small
size distortion problem. However, introducing many nuisance parameters in the
model affects the size accuracy of all test statistics under consideration. The
impression is that BRT, BSB, BT P and F-type act in a similar fashion to the
asymptotic tests, only to a much less extent. Thus the performance of these

tests deteriorate when the performance of the asymptotic LR test worsens.

PLEASE INSERT TABLE 1 ABOUT HERE.

Coming to the second group of experiments, we now evaluate the sensitivity

of the test statistics to variations of key parameters in the DGP. Our target is
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to detect regions of the parameter space where a large size distortion is more
likely to occur. With this in mind we restrict our attention to the DG P with
r=1and k =1 (ie. DGP = DGP1). This may be seen as a limitation of
our study. However, one has to keep in mind that a test or a class of tests
that does not perform well in simple situations cannot be expected to do well
for more complicated models. Moreover, including more nuisance parameters
would involve losing control of the experimental design.

What are the target parameters? Calculating the Bartlett correction factor

using equation given in (3) with p=4,k=1,s=1,p3 =0, pp =0, cq(a) =0,

"a(248" « "o 1+ "o .

v(a) = —5,9&7&2,9%, and ¢(a) = —2% gives
E[-2In(L 14 1 !
El2n(R)] 14 1 fSa

3 T T a'Q'afQB

[5(248'a)+4((1+5a)].

Thus, the Bartlett correction factor depends on o83, o/Q 'af’QB and T.

However, it can be shown that not only
E[—2In(LR)] /3= f (¢/B, /Q 'aB'QB, T),

but also the that the parameters enter into distribution of the LR test through
the same function; see Johansen (2000). Therefore, by varying the arguments
in f(-), one is able to analyse the effect of variations of the parameters on the
empirical sizes of the test statistics. One way of doing it is to change the coordi-
nate of the system and find a canonical form of the DG P as in Johansen (2000,
2002). This implies fixing the cointegrating vector and change the coordinate of
the system so that only two parameters, both function of all parameters in the
V AR are left. However, in our case we are interested in controlling the loading
() and the cointegrating coefficients (3) and the covariates () separately so
that regions where the dependency of the size distortion of the LR test from
the parameter space is stronger can be detected.

Experiments are carried out with T = (50, ...,150); a1 = (0.2, 0.5, 0.7) in
a= [ a;; 0 0 0 O ] ;and o = (0.5, 1, 2) in . Coming to 3, one problem

14



we face is that the long-run cointegration relationship depends on a relatively
large number of parameters. A possible way to address this issue is to change
the coordinates of the system and rotate the VAR(1). This transformation
would leave the statistical analysis of the model unchanged, but it may lead to
a reduction in the number of parameters in 8 without loss of generality. Under

Hy : 8 = Hyp, model (5) can be rotated into

AXyy 1 X1t €1t
AX 0 Xos_ €
Xy |~ o | (P B 000 ST g
AXy 0 Xat—1 €4t

where g; ~ N(0,I) and X; is used (instead of Y; ) to indicate the rotated
VAR(1). Thus a simple rotation of the process highlights the fact that not all
the parameters in 3 are equally important. Accordingly, the parameter 55, can
safely be set equal to zero.

Another issue we face is how to select the set of parameters for the remaining
parameters in 8. These have to chosen in such a way that the stability of the

system is preserved. In our case we have

5 By, € —1.9,-1.5,-0.9, —0.5, —0.3, —0.2,
N Boy €0.2,0.3,0.4,0.9,1.5 '

In Table 2 we report the empirical sizes of the tests for a nominal 5% level.
Other parameters given, we can see that the size distortion of the LR test highly
depends on the magnitude of « (i.e. the parameter that controls the speed of
the adjustment to the equilibrium cointegrating relationship). When the speed
of the adjustment is low (i.e. aj; = 0.2) the size distortion of the test can be
large and the convergence to the nominal size slow. Generally speaking, the
results show that the higher the magnitude of « (i.e. the faster the adjustment)
the lower the size distortion. This result is consistent with the literature; see, for
example, Gonzalo (1994), Haug (2002) and Fachin (2000). Coming to BRT, the
size distortion of the Bartlett corrected LR test is again highly dependent on the

magnitude of «, whereas its bootstrap counterpart is much less so: for ay; = 0.5
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(which is quite close to value found in empirical studies), no matter the sample
size the empirical size is within the 95% confidence interval (i.e. 3.6-6.4). The
ordinary bootstrap test also performs well. By contrast, the F-type test while
able to capture the dependency on the number of the estimated parameters does
not take into account the magnitude of the parameters in itself, thus generally
speaking it performs only slightly better than the asymptotic LR test.
Turning to o, it is clear from Table 2 that the distribution of the LR test
statistic is invariant to changes of the standard error of the shocks €;¢, and, of
course, so are the other test statistics. It would be of interest to consider an
experimental design where Cov(e;q, €j¢) # 0 since it is well know that correlation
between the noise terms can adversely affect the finite sample performance of
the LR test; see for example Toda (1995). However, in this case we would
not expect the ordinary bootstrap to work because the correlation between the
innovations would be lost in the resampling and a different kind of bootstrap
procedure, e.g., the stationary bootstrap, should be applied. For this reason we

shall leave this issue for future study.

PLEASE INSERT TABLE 2 ABOUT HERE

Figure 1 shows the distribution of the test statistics considered as a function
of B, and B, with the sample size fixed at T = 50. From Figure 1 it is clear
that empirical size of the LR test (reported on the z-axis) rapidly increases
when 1, and B4, get closer to 0. Note that if 3, is in the interval (—2,0],
then the process Y; is I(1). When 8,; = 0 , the process is a pure I(1) process
which does not cointegrate, whereas if 5;; < —2 or $;; > 0 the process Y;
is explosive. Thus, as one may expect, the LR test does not perform well for
parameter points close to the boundary where the order of integration changes

or the number of cointegrating relations changes. The F-type test mimics the
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behavior of the LR test but with empirical sizes closer to the nominal ones. By
contrast, BS B works remarkably well, largely outperforming BRT and partially
outperforming BSP.

3.2 The probability of type II error

The evaluation of the power of the test statistics has been carried out by
generating the data under the following alternatives: H; : §8,; = 0.15 and
Hy : By =03 withr =1,k =1,2,3, and T = 50,100,150. From Table
3, we can see that, in general, as expected, the rejection frequencies increase
with the sample sizes and the distance between the null and the alternative.
The power estimates for the larger sample size T' = 100 are reasonable for all
the alternatives. Turning to the comparison of the power among the different
procedures, overall we found that correcting the test statistics for the size shifts
the estimated power function down. There is evidence that the tests BRT,
BSP, BSP and F-type share similar power properties, with no test uniformly
outperforming its competitors. The results for the sensitivity of the parameter
space are not reported in detail here but show that a slow adjustment to the
equilibrium worsens the rejection frequencies for BRT', BSP and BSP, whereas
the changes of the standard deviation of the errors do not have an important

impact on the power estimates.

PLEASE INSERT TABLE 3 ABOUT HERE

4 An empirical example

In this section we analyse the finite sample properties of the inference procedure
considered using data from the Danish economy on the demand for money as

used in Johansen and Juselius (1990). These are quarterly data from 1974:1 to
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1987:3 on log M2 monetary aggregate ( m; ), the real log income ( y;), the bond
rate (i?) and the deposit rate (if).

Once again, the performance of the test statistics has been investigated by
Monte Carlo. The starting point of the simulation experiment is to replicate
the results of Johansen and Juselius (1990) in order to get the DG P parameter
values; also see Johansen (1996). Accordingly, using the Danish data, the model
in (1) has been estimated with a restricted constant term and four seasonal
seasonal dummies. Using the rank test procedure, we have found no evidence
in the Danish data for more than one cointegration relation. Thus, solving the
eigenvalue problem, we have found that the estimated long-run [ coefficients

associated to the first eigenvalue (i.e. A; = 0.4332) are

~/

B = [ 1.0000 —1.03295 5.20692 —4.21588 —6.05993]

while the normalised adjustment coefficients of & are
&' =] —0.21295 0.11502 0.02318 0.02941 |.
Finally,

0.01965 0 0 0
0.01150  0.01706 0 0
—0.00875 0.00402 0.01818 0
—0.00148 —0.00061 0.00095 0.00490

o}
Il

We then have investigated the rejection probability of the test for linear
restrictions on B using 6 = (B/,d/,fl) in the GDP with the initial values
taken from the estimated initial values, and to simplify, the parameters for T’
have been set equal to zero. As far as the Monte Carlo design is concerned, the
simulation experiment has been carried using the bootstrap algorithm described
in Section 2, whereas the Bartlett correction factor for the LR test has been
calculated using (3) withp =4, r=1,s=1, k=2, pp = 1, pg = 0 and the
estimated parameters in 6. The restriction under consideration is Hy : 8; =1
in [’)’/: [ 81 By Bs B4 PBs } (i.e. the estimated coefficient is the same as
the value in the DGP).

18



In Table 4 the simulation results are reported for the rejection probability for
the size of the test statistics at the 5% nominal level, while for the experiment

evaluating the power the data has been generated under the alternative Hy :

ﬂl = 1.3.

PLEASE INSERT TABLE 4 ABOUT HERE

Simulation results from Table 4 show that the estimated size for the LR
test based on the first order asymptotic approximation is more than 4 times
the reference nominal size, thus confirming the previous results. Among the
corrected versions of the test, BRT outperforms the F-type test as well as the
bootstrapped counterpart (BSB), although only marginally. Turning to esti-
mated rejection rates under the alternative, the F-type test appears to be most
powerful among modified LR tests, but this is possibly a spurious result due to
larger size distortion under the null. By contrast, BRT, BSP, and BSP share

similar power properties, with BRT slightly outperforming the competitors.

5 Concluding remarks

This paper investigates through Monte Carlo simulation the finite sample prop-
erties of modified versions of the LR test for linear restrictions on cointegrated
relationships. The Bartlett corrected LR test of Johansen’s (2000) and the F-
type test of Podivinsky (1992) are both studied. The performance of these test
statistics is also compared with the finite sample behavior of the tests obtained
using the bootstrap procedure. The bootstrap is used in two ways: first, to
approximate a Bartlett-type correction; and second, to estimate the p-value of
the observed test statistic. The need for modified versions is indicated by the
poor performance of the standard asymptotic check which is also included. The

assessment of the small sample rejection probabilities of the five test statistics is
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then carried out: i) by varying the model complexity (i.e. sample size, number
of lags, number of cointegrating vectors) in the VAR model; and ii) by evalu-
ating their behavior in response to variations of the key parameters influencing
the DGP.

The main simulation results can be summarized as follows. As far as the
asymptotic LR test is concerned, our study mainly confirms previous research
findings; see, for example, Haug (2002), Podivinsky (1992), or Gredenhoff and
Jacobson (2001)). More precisely, it is found that, for small to moderate sam-
ple sizes, inference based on first order asymptotic approximation is largely
inaccurate and the size distortion of the asymptotic test dramatically worsens
when more nuisance parameters are included in the DGP. In addition, the
size distortion of the LR test is sensitive to the magnitude of the cointegrating
coefficients and also to the magnitude of the parameter that controls the speed
of the adjustment to the equilibrium cointegrating relationships (the faster the
adjustment to the equilibrium the lower is the size distortion of the test sta-
tistic). The Bartlett correction of Johansen (2000) dramatically improves the
behavior of the LR procedure in several instances, but still leaves something to
be desired particularly for parameter points close to the boundary where the
order of integration changes or the number of cointegrating relations changes.
More generally, as expected, the distribution of the levels of the corrected test
mimics the distribution of the asymptotic LR test. Thus the performance of
the former deteriorates in regions of the parameter space where the the per-
formance of the latter worsens. From our simulation results, it appears that
calculating an approximation to the finite sample expectation of the LR test by
using the bootstrap can be worthwhile. The bootstrap Bartlett corrected test
appears to be less sensitive to the values of the parameters of the DG P than
its analytical counterpart, although it is slightly more sensitive to the inclusion
of nuisance parameters. The bootstrap p-value test also works fine, however (as
Rocke (1989) points out) the bootstrap Bartlett adjustment requires fewer trials

to obtain the same order of accuracy than bootstrap p-value test and is therefore
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less computationally demanding. Finally, for small sample sizes (T' < 50), the
results for the F-type test are mixed and it performs only slightly better than
the asymptotic LR test in some cases.

As concluding remarks we give some practical considerations. Based on our
Monte Carlo experiment, when testing for linear restrictions of the cointegrat-
ing vectors, the Bartlett corrected LR test, the bootstrap Bartlett LR test, and
the F-type all deliver reasonable accurate inference for sample sizes of approx-
imately 100 observations (or about 25 years quarterly data). Thus, if this or
a larger sample size is available, all of these tests are reliable. However, when
the sample size is smaller, a possible strategy for improving the performance
of the LR test is the following: first, calculate the roots of the characteristic
polynomial and determine under what conditions on the parameters the process
fulfil the root assumption (see Johansen,1996, p. 14); second, estimate the
model applying the Johansen reduced rank regression procedure; and third, if
the estimated parameters are close to the boundary of the parameter space,
use the bootstrap to approximate the finite sample expectation of the LR test,

otherwise the analytical Bartlett correction would probably be satisfactory.
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Table 1. Size: Rejection frequencies (in percent) under the null of 54, = 0 and
[ Bar Bao ] = [ 0 0 ] (r = 1 and 7 = 2, respectively ). Parameters in the
DGP Q1] = Qg = ].7 /311 = 0.4, ﬂ21 = ]..77 /331 = 0.1, ﬂ22 == 0.47 /332 == 0.5,

Q=(0,I).
Nominal Size : 10%
LR | BRT | BSB | BSP | F
r=1,k=1,T =50 19.8 114 11.8 9.1 12.6
r=1,k=2,T =50 33.8 21.9 25.6 21.5 24.3
r=1,k=3,T=50 | 502 | 37.1 | 37.4 | 37.0 | 40.2
r=2k=1,T =50 19.1 11.6 12.3 12.2 8.8
r=2k=2T=>50 | 30.3 | 19.8 | 245 | 247 | 17.1
r=2k=3T=>50 | 442 | 314 | 332 | 335 | 28.9
r=1,k=1T=100 | 133 | 97 | 116 | 98 | 10.3
r=1,k=2,T=100 | 18.4 13.7 16.2 15.2 14.7
r=1k=3,T=100 | 24.1 | 184 | 20.3 | 19.6 | 19.8
r=2k=1,T=100 | 13.5 10.5 12.4 11.7 9.2
r=2k=27T=100 | 17.6 | 135 | 150 | 15.0 | 12.6
r=2k=3,T=100 | 22.3 17.2 18.0 18.1 16.7
r=1,k=1,T =150 | 12.8 10.1 10.2 9.0 10.6
r=1,k=2,T =150 | 15.7 12.6 12.9 12.0 13.4
r=1,k=3,T =150 | 18.8 15.1 15.2 14.9 16.3
r=2k=1,T=150 | 12.4 10.2 10.8 11.2 9.6
r=2k=2T =150 | 14.7 11.8 14.7 15.1 11.3
r=2k=3,T=150 | 17.5 14.2 15.6 16.0 14.1
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Table 1 Continue. Size: Rejection frequencies (in percent) under the null of
841 =0 and [ Bar Bao ] = [ 0 0 ] (r =1 and r = 2, respectively ). Parameters
=1, By = 04, By = 1.7, B3y = 0.1, Byy = 0.4,

in the

DGP: Q11 = (22

Bsy = 0.5, Q = (0,T)

Nominal Size : 5% 1%
LR | BRT | BSB | BSP | F LR | BRT | BSB | BSP | F
r=1,k=1,T =50 12.2 5.6 5.7 5.7 6.9 3.9 1.4 1.4 0.8 1.8
r=1,k=2,T =50 23.8 11.9 13.2 13.0 15.2 10.1 3.9 3.7 3.7 5.0
r=1k=3,T =50 40.3 25.1 26.3 26.2 29.7 22.6 11.4 11.2 11.1 13.6
r=2k=1,T =50 11.2 6.0 6.2 6.8 4.2 3.4 1.1 1.7 1.6 0.5
r=2k=2,T =50 20.6 11.9 15.7 15.1 9.61 8.7 3.5 5.3 5.7 2.1
r=2k=3,T =50 33.1 23.4 24.5 24.0 18.9 16.3 7.6 8.5 8.7 5.6
r=1k=1,T=100 | 75 | 45 5.1 50 | 52 [ 20 | 1.0 1.1 08 | 1.1
r=1,k=2,T =100 11.2 7.8 7.6 7.5 8.1 3.3 1.8 2.1 1.9 1.9
r=1,k=3,T =100 15.7 8.1 8.3 8.2 12.0 5.8 3.4 3.6 3.5 3.7
r=2k=1,T =100 7.5 5.1 5.8 6.2 4.4 2.1 1.0 1.0 1.2 0.8
r=2k=27T=100 || 10.7 | 7.3 8.0 76 | 67 || 33 | 1.9 2.1 21 | 15
r=2k=3,T =100 14.6 10.7 11.2 10.9 9.6 4.8 3.0 3.2 3.3 2.6
r=1,k=1,T =150 6.5 4.8 4.6 4.6 4.8 1.3 0.8 1.1 0.8 1.0
r=1,k=2,T =150 9.0 6.7 7.0 6.8 7.0 2.3 1.4 1.5 1.3 1.6
r=1,k=3,T =150 11.3 8.3 8.6 8.4 9.2 3.2 2.2 2.4 2.2 2.4
r=2k=1,T =150 6.7 5.0 6.1 6.5 4.4 1.3 0.9 1.3 1.4 0.7
r=2,k=2,T =150 8.1 6.3 7.8 8.0 5.9 2.1 1.3 1.4 1.2 1.0
r=2k=3,T =150 10.1 8.0 9.1 9.5 7.1 2.7 1.7 1.8 1.7 1.5
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Table 2. Size: Sensitivity analysis; rejection frequencies (in percent) under the

null of 84; = 0. Results for @ and ¢ (DGP with r =1, k = 1, T = 50, ..., 150,

nominal significance level 5%).

LR | BRT | BSB | BSP | F

a=020=1 T=50 | 30.6 12.0 8.1 9.2 23.0
T =100 | 17.8 9.2 6.5 6.4 14.5

T =150 | 121 6.9 5.6 6.1 10.3

a=050=1 T =50 | 15.1 7.4 5.9 6.0 10.2
T =100 | 8.4 5.1 5.3 5.1 6.5

T=150| 7.2 5.1 5.7 5.9 6.2

a=0."70=1 T=50 | 11.7 5.8 4.5 4.7 7.4
T=1001| 7.0 4.7 5.3 5.6 5.4

T =150 6.5 4.7 5.3 5.3 5.4

a=1,0=0.5 T =50 9.6 4.9 5.1 5.1 5.5
T =100 | 6.7 4.7 5.4 5.4 5.1

T =150 6.3 4.9 4.4 4.7 5.8

a=1,0=1 T=50 | 95 | 5.1 44 45 | 5.8
T =100 | 6.6 4.6 4.9 4.7 5.0

T=150 1| 5.9 4.4 5.4 5.4 4.8

a=1,0=2 T =50 9.3 5.0 5.3 4.7 5.7
T =100 | 6.6 4.4 5.8 5.6 4.7

T =150 6.4 4.8 4.6 4.7 5.2
a=02,0,=—-02p3,3=05| T=50 | 381 | 291 | 81 | 105 | 295
T =100 | 30.0 7.2 8.0 9.5 26.3

T =150 | 21.8 7.4 5.4 6.4 19.4

Note: The following values are chosen, unless stated otherwise: [;; = —0.9,

By = 0.9.
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Figure 1: Size: Sensitivity analysis for 3 ( rejection frequencies at nominal level 5%

and T'= 50 ).
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Table 3. Power: Rejection frequencies under the alternative. Parameters in the

DGP: a1y = agp = 1, By, = 1.7, By; = 0.1, Byy = 0.4, By, = 0.5, 2 = (0,1).

Hll 641: 0.15 H12 ﬂ41: 0.3
LR | BRT | BSB | BSP | F LR | BRT | BSB | BSP | F
r=1,k=1T=50 | 515 38.1 39.4 38.7 | 40.2 || 85.4 7.5 7.3 76.6 78.9
r=1,k=2T=50 | 541 | 39.9 43.1 43.7 | 42.8 || 794 | 69.0 73.3 73.4 | 71.6
r=1,k=3,T=50 | 614 46.7 48.7 49.1 50.9 || 78.3 66.0 72.4 72.6 | 69.8
r=2k=1,T=50 | 55.1 | 38.8 41.9 41.1 | 33.8 || 85.8 | 78.5 80.6 80.6 | 75.0
r=2k=2"T=50 | 525 | 39.3 44.5 44.5 | 34.8 || 79.6 | 70.2 72.9 72.8 | 66.1
r=2k=3,T=50 | 57.3 | 43.2 50.3 50.2 | 39.8 || 76.6 | 65.4 66.0 66.1 | 62.1
r=1k=1,T=100 | 8.1 85.0 87.1 87.2 | 85.6 || 99.7 | 99.6 99.6 99.6 | 99.6
r=1k=2T=100 | 84.8 | 80.9 82.1 81.7 | 81.9 || 98.9 | 98.4 98.9 98.6 | 98.5
r=1k=3,T=100 | 8.2 | 76.8 80.2 79.9 | 786 || 97.1 | 95.7 96.2 96.0 | 96.1
r=2k=1,T=100 | 88.4 | 858 86.9 86.4 | 84.9 || 99.6 | 99.5 99.5 99.4 | 99.4
r=2k=2T=100 | 8.6 | 82.1 83.7 83.4 | 81.2 || 99.0 | 98.5 98.7 98.6 | 98.4
r=2k=3,T=100 | 828 | 78.1 80.0 79.9 | 774 ]| 97.4 | 964 96.7 96.5 | 96.3
r=1,k=1,T=150 | 98.3 | 98.0 96.8 98.7 | 98.0 100 100 100 100 100
r=1k=2T=150 | 975 | 96.8 96.9 96.8 | 97.0 100 100 100 100 100
r=1,k=3,T=150 | 96.2 | 95.3 95.8 95.6 | 95.3 || 99.9 | 99.8 100 100 99.9
r=2k=1T=150 | 98.1 97.8 98.2 98.0 | 97.7 100 100 100 100 100
r=2k=2T=150 | 97.3 | 96.6 97.5 97.5 | 96.5 100 100 100 100 100
r=2k=3,T =150 | 96.2 95.3 95.9 95.6 | 95.2 || 99.9 99.8 99.8 99.8 | 99.8
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Table 4. The Danish data: rejection frequencies for the size and the power, in

percent, at nominal level 5%.
T=53| LR | BRT | BSB | BSP | F
Size 205 | 104 | 11.5 | 11.6 | 12.6
Power | 836 | 73.6 | 73.1 | 73.1 | 77.1
Note: n = 10,000, B = 400. The asymptotic distribution is a x? (3).
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