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Abstract

The paper studies the interaction of publicly provided care for the elderly on demographic
developments. A two-sex OLG model is used to examines how exogenous changes in mortality,
the cost of children and the bargaining power of women influence fertility, public and private
care for the elderly, and the length of education taken by women and men. The paper focuses
especially on the interaction between declining mortality and the expansion of care for the
elderly. In the model declining mortality can affect fertility differently according to how
developed the economy is. At an early development stage, when public care is little developed,
the effect of decreasing mortality on fertility can be positive, while at a later stage with
higher levels of public care, the effect can be negative. The model is consistent with observed
developments over the last century including fluctuations and decline in fertility, increases
in the average age of giving birth, increasing levels of education with lessening differences in
the education levels of women and men, increasing incomes, and increased public care for the
elderly. In a small open economy where individuals live for five periods with uncertain lifetimes,
the choices made by males and females are the result of a combination of utility maximization
and negotiation. First, bargaining positions are formed through utility maximization given
individual budget constraints, then the Nash bargaining solution determines the number of
children and voting determines the level of public care for the elderly, and finally couples
maximize a joint household welfare function to determine education, private care for the elderly
and consumption. The only exogenous differences between women and men concern mortality,
bargaining power and required time devoted to raising young children; otherwise women and
men have identical utility functions and opportunities. Functional forms are chosen so that

the model has a recursive nature with simple closed form solutions.
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1 Introduction

Present concerns about whether aging societies can adequately provide for their elderly have their
basis in historical changes in mortality and fertility along with expansions in public pension systems
and publicly provided care for the elderly. While the effects of establishing public pension systems
have been much studied, there has been less research on the role government provided care has
played. Increases in public care have for example allowed individuals to provide less private care
and to be less dependent on their children in old age. Changes in educational levels, productivity,
and income are important underlying factors in understanding the expansion in the public sector
and in determining the seriousness of the challenges presented by an aging population. In the
paper a two-sex overlapping-generations model is presented that examines how exogenous changes
in mortality, the cost of children and the bargaining power of women influence fertility, public
and private care for the elderly, and the length of education taken by women and men. The
paper focuses especially on the interaction between declining mortality and the expansion of care
for the elderly. For example declining mortality can affect fertility differently according to how
developed the economy is. At an early development stage, when public care is little developed, the
effect of decreasing mortality on fertility can be positive, while at a later stage with higher levels
of public care, the effect can be negative. The model is consistent with observed developments
over the last century including fluctuations and decline in fertility, increases in the average age
of giving birth, increasing levels of education with lessening differences in the education levels of
women and men, increasing incomes, and increased public care for the elderly. The framework
employed is an overlapping-generations model of a small open economy where individuals live for
five periods with uncertain lifetimes. The choices made by males and females in each generation are
the result of a combination of utility maximization and negotiation. First, bargaining positions are
formed through utility maximization given individual budget constraints, then the Nash bargaining
solution determines the number of children and voting determines the level of public care for the
elderly, and finally couples maximize a joint household welfare function to determine education,
private care for the elderly and consumption. The only exogenous differences between women and
men concern mortality, bargaining power and required time devoted to raising young children;
otherwise women and men have identical utility functions and opportunities. Functional forms are
chosen so that the model has a recursive nature with simple closed form solutions.

During the last century fertility has fallen, risen, and fallen again. At present it is at a level
close to, but below, the reproduction level of 2.1 children per women. The number of live births
per women in Norway fell from 4.5 for the cohort born 1850 to 1.96 for the cohort born 1905.
After this it rose again to 2.58 for the cohort born in 1934. Since then the number of live births



have fallen to 2.09 for the cohort born in 1950 and is expected to further fall to the present total
fertility rate of around 1.86.

At the same time as fertility was fluctuating, the timing of births has been changing and the
educational attainment level of the population has been increasing, with a narrowing of the gap
between the educational level of men and women. Average age of birth was 29.39 years of age for
the Norwegian cohort born in 1900, sinking to 25.9 years of age for the 1945 cohort and then rising
to 27,88 years for the 1978 cohort. The average age at first birth shows a similar development
pattern, falling from 23.4 years of age for the Norwegian cohort born in 1935 to 22.8 years of age
for the cohort born in 1950, before rising again to 24.8 years of age for the cohort born in 1958.

From 1962 to 1992 the proportion of 16-year-olds under education has increased from 53.8
percent to 93,5 percent and the proportion of 20-year-olds under education has increased from 16.6
percent to 43.8 percent. Women are now in the majority at universities as well as at colleges.

The model presented in the following will attempt to explain these developments as arising
from: i) Decreasing mortality; ii) Increasing costs (decreasing economic benefits) of older children
as Norway became increasingly urbanized; iii) Decreasing time costs for women connected with
caring for young children, approaching the time costs of men, due to labor saving devices in the
home; iv) Increasing bargaining strength of women relative to men with regard to fertility decisions.

During the last 15 years a large literature has evolved discussing different aspects of fertility
choice within a dynamic framework. Excellent surveys of the literature can be found in for example
Holz, Klerman and Willis (1997) or Arroyo and Zhang (1997). The paper is closely related to
a recent paper by Blackburn and Cipriani (2002), where economic and demographic outcomes
are jointly determined in a dynamic general equilibrium model of longevity, fertility and growth.
While longevity is assumed to be exogenous in the following, this paper extends their analysis
by analyzing the interaction between exogenously given mortality, and endogenous fertility and
growth in publicly provided old age care. As in their paper, parents are non-altruistic, deriving
utility only from the production of children and not the children’s welfare, but the present paper
also includes utility derived from the care received children. Mortality is modelled as in Blackburn
and Cipriani (2002), including only old age mortality with no consideration of infant mortality
(which also is an important determinant of fertility).

Another related paper discussing morality and fertility is Yakita (2001), which finds that an
increase in life expectancy lowers the fertility rate and raises life-cycle savings, and that pay-as-
you-go social security does not reverse the effect on fertility. This is the result of worker wanting
more consumption as old, at the cost of reducing other consumption, including consumption of
children. This paper shows that by including old age care, this is no certain conclusion, depending

on the extent to which there is a publicly provided pay-as-you-go old age care system.



The paper explicitly considers the timing of births as well as the number of children born because
it is thought that changes in the cost of raising children at different ages is an important determinant
of fertility. As such it complements Iyigun (2000) who finds that increases in the human capital
stock raise the opportunity cost of having children while young and induce individuals to delay
childbearing. In the following, the average age at birth is also influenced by the relative negotiating
strength of women regarding fertility and how strong seniority effects are. Increased negotiation
strength normally leads to an increase in the average age at birth, but if seniority counts for little
this need not be the case.

A fairly novel aspect of the model is that it is a two-sex model, reflecting the fact that fertility
is the result of the actions of two people, each with their own interests. The paper employs a
Nash bargaining solution to ensure consistency between the desires of females and males within
the household. There is no sorting, as in for example Ferndndez (2002) which develops a model of
skill development and marital sorting. A sophisticated treatment of marriage and divorce within
an overlapping generations model (but without fertility) is provided in Aiyagari, Greenwood and

Guner (2000).

2 The general economic environment

The framework employed in the following is an overlapping-generations model of a small open
economy where individuals live for five periods with uncertain lifetimes. All individuals survive
through the first four periods, but have a probability of dying before the fifth retirement period.
Time is discrete and indexed by ¢, while generation i is defined as those born at time ¢ = 4. The
age of an individual of generation 7 is thereby given by t — i with ages numbered from 0 to 4.

Age 0 consists of childhood, education is taken at age 1, children are born at ages 1 and 2,
work extends over the ages from 1 to 3, and retirement is at age 4. Each child is cared for over
two periods, and parents are cared for when they reach age 4.

When retiring at age 4 parents leave bequests to their children. Bequests have a voluntary
component and an involuntary component connected with dying before one reaches age 4. It should
be noted that even though individuals are economically active at age 1 (taking an education and
having children) they are still being cared for by their parents since care of children spans two
periods. This is a result of the long time interval each age spans.

In the model it is assumed that the time cost of young children differs between the sexes,
especially due to women’s extra time costs connected with carrying a child and breast feeding it.
An increase in the net time cost (taking into account work done by children in the household) will

decrease the number of children. The distribution in the cost of having children over the life cycle



determines the spacing of children. An increase in the cost at low ages relative to higher ages, will
lead to a postponement of births.

Changes in mortality will make the utility of being cared for by one’s children when one is old
change over time. The longer one lives in old age, the greater is the utility of being cared for and
the more children one wishes to have. Since the mortality of men is generally greater than that of
women, this effect will in isolation lead to men desiring less children than women.

Individuals can be cared for by a combination of children and the government. As incomes
increase individuals wish to substitute care provided by children with publicly provided care.

Production is the product of a constant returns function in real capital and skills subject to
exogenous technological progress. Skills are assumed to be the product of an age specific experience
parameter and the level of human capital. The accumulation of human capital is assumed to be a
function of earlier generations’ level of human capital and the amount of education undertaken. A
small open economy is assumed, so that the real interest rate is given exogenously by international

capital markets.

2.1 Old age care

Changes over time in individuals’ utility of old age is explicitly modeled. Let n1;; and no;, be the
desired number of child births at respectively age 1 and age 2 for individuals of type (sex) k in
generation . Total time used on old age care given by each child is denoted E}; while old age care
supplied by the government to individuals in generation ¢ is denoted G}. The subutility of old age

care for individuals of type k in generation 7 is assumed to be given by
up ik = (N - Ej) 7% (nae - Ef)7 % (14 G (1)

where ag; and ag are assumed to be parameters. The parameter ag; is assumed to vary over

time according to

— _1 — A
+& - (1+Gi- if 0<G;_4<G
ap; = §1 52 ( 4> 1 _ 4A ; (2)
& if Gi—a>G

with G being a high level of government provided care. The utility of old age age care received
from ones’ children decreases with increasing government provided care as long as the level of
government care G is less than G;_4 (G,_4 is the level of care observed at age 0 by generation 7).

The above subutility function can be seen as being derived from an underlying Cobb-Douglas
utility function in physical and emotional care when care is aggregated using Cobb-Douglas type
aggregators. Assume that the aggregate amount of total care given by all one’s children can be

written

(naik - Ef)* - (naa - BT



and that the physical care, EY,;, and the emotional care, £, , given by each child are of a joint
production nature with each being a proportion, £, and 1 — &, respectively, of total care, E};, so

that

Bia = & |- B - (nau- E)S

By = (1=&) - [(min - B3 - (nau - B

Taking into account that the government supplements the private provision of physical care by

supplying G}, assume that the subutility function is given by
* x \Eb * \C1+HCo/(14+Giza) * C3+<4/(1+E;,i—4,k) %
Up i = (E3i)™ - | (1+ Efi) (14+G7)s ;

so that if there is a low level of either privately or publicly provided physical care, the parameter
pertaining to the utility of the abundantly provided type care is higher than it otherwise would be.
In other words, at low levels of either type of care the utility function is no longer fully separable.
Finally assume that E7;, is always fairly large and dividing by the predetermined constant &;;, the
subutility function v}, can approximately be written

1 34
Inserting for Ef;. and Ej;, gives the subutility function (1) with

upi = o (By)® - ((Biy)@ /00 (14 67)%)

ag =(383 §/2=886 8860, §/2=880

and

* 5 Gi— 3
€& = (1 . 50)52 . 5(()C1+<2/(1+ 4))53.

2.2 The individual utility function

Individuals of type k belonging to generation i consume cj;; at age j and desire to accumulate
wealth, W;i, both as a status signal and to be able to leave bequests to their children. The
individual expected lifetime utility of these individuals, U;j, depends on consumption, accumulated
wealth and two subutility components connected with having children. It is assumed to have the

logarithmic form
Uik (Titar) = Incrp + Blnco + B2 Incaig + miya 18 I caig + aw In Wi,
+Inup, + miraxnugg (3)

where 5 and ap are parameters, m,+4 ) is the probability of surviving to the fifth period (age 4),

Up;ik is the direct utility derived from having children and wg is the utility of being cared for



during retirement as discussed in the previous section. Letting oy be a parameter, the subutility

function describing the direct utility of children is given by:

Unik = (nlik)a0/2 : (nzik)ao/Q , (4)

where a2 is the elasticity of having children at either age 1 or age 2.

The preference structure above is completely symmetrical in the parameters concerning children
born at an early or a late stage in life so there is no inherent preference for either ni; or ny;. The
logarithmic structure above assumes that my; and mo; are not perfect substitutes, with agents
instead having preferences for spacing of their children. Notice that all the parameters in the
utility function are gender neutral, only the longevity variable differs between men and women.

The Cobb-Douglas structure of the utility function implies a direct connection between budget
shares and the parameters of the utility function adjusted for mortality. To simplify notation later,

from the sum of coefficients
=148+ B2+ miyan B+ miraram; +aw + ao + Tiyaropi,
the following share parameters are defined

1 1
Anik = 3= o, Awir = 3+ aw,
ik ik
1
Apir = v (Tiyapi),
k2
where A ;i is the share parameter connected with having children, Ag ;; with receiving care from

one’s children when old and Awy, with accumulating wealth that is left as a bequest to one’s

children.

2.3 Children

The choices made by males and females in each generation are the result of utility maximization
and negotiation. Negotiation between the sexes is assumed to happen according to the following

sequence:

1. Each person’s initial negotiating position is found by maximizing lifetime utility with respect
to children subject to their individual budget constraint. This will be their first best notional

demand for children.

2. The couple negotiate, agreeing on the number of children they wish to have, the effective

demand for children. In addition the level of government provided care is determined.

3. Given the agreed effective demand for children, they maximize a joint household welfare
function to find their conditional optimal levels of education, care for the elderly and wealth

accumulation (which is left as a bequest to one’s children).



Before entering into negotiations about the number of children they are going to have, the
representative female and male of generation ¢ each maximize utility given their individual budget
constraints. This leads to male and female notional demands for children born early at age 1,
denoted 71y, and 7i15¢, and notional demands for children born late at age 2, denoted fg;,, and
Tia;¢. After determining their notional demands for children, the couple negotiates common effective
demands 71; and 7ig;. The total number of children actually born by generation ¢ will thereby be
714 + T2;. Since these children are born in two different time periods they will belong to two
different cohorts. The size of cohort ¢, denoted IV;, will thereby be the sum of children born early
by the previous generation ¢ — 1 and children born late by generation ¢ — 2, N; = 7y ;1 + fig ;2.

Individual k’s notional demand for wealth accumulation, VNVM, is determined in the first opti-
mization stage and the couples common effective accumulation, Wj, is determined after negotiation

about children.

2.4 Individual and household budget constraints

At each working age (ages 1 to 3) individuals have at their disposal T' hours which can be used for
work, education and taking care of children. Education is taken at age 1, with the education taken
by individual of type k of generation i being denoted e;; (where the subscript k& denotes male or
female) .

Children are cared for over two periods with the time used per child varying between the sexes
for care of young children (of age 0), but not for care of older children (children of age 1). The
time used caring for each younger child by generation ¢ is denoted ¢, and ¢y,,,, while the time
used per older child is denoted is ¢,;. Time usage is constant within a generation, but can change
between generations due to changes in housekeeping technologies (the introduction of the washing
machine for example). In addition, it is possible to interpret the time parameters as net time
costs, being the difference between the time used on children and the time children themselves
are productively employed in the household. In the following, it will be supposed that the cost
of older children, ¢,;, has been increasing both because urbanization has lead them to contribute
less to the household and because of increases in the cost of their upkeep. On the other hand it is
supposed that the cost of young children faced by women, ¢y;;, has been falling and converging
towards that of men due to technological advances.

Care provided to parents by individuals of type k in generation i is denoted Ej;j if privately
supplied and Gy, if supplied indirectly by the government through taxes (earlier we defined E;, and

% as the amount of care received). Care is only given if parents do not die before reaching age 4.

This means individuals will supply 77, 575, - (Ei + Gix) of care at age 2 and 7}, 31y, - (B + Gir)



at age 3. The costs at time t of taking care of one’s parents is denoted pg; and pg: respectively.

Notice that care of children and parents are not treated symmetrically. The cost of raising
children is connected to time use and thereby explicitly to the endogenous wage, while it is assumed
that agents treat the cost of taking care of parents as an exogenous price.

The total bequest received by individuals of generation i with young parents (born at time
i — 1) is denoted B; ;1 and the the total bequest received by those with older parents (born at
time 4 — 2) is denoted Bi7i_27k.

Letting r; be the interest rate in period ¢ and denoting c;;; as the consumption, wj;; as the
wages, and s;;, as the savings of individuals of type k of generation 4 at age j, with k£ indexing sex

(k = f,m), the individual constraints faced by males and females of generation i can be written

criik = Wik (T =T - ek — @rn1ik) — Stk

coik = Waik (T — Prpnaik — Poiniik) — PE,i+2,k ° 7r2<+2772iEik —DPGit2- 7Tf+2772iGik
+ (L4 7rit2) S1ik — S2ik + éi,i—Z,k

czik = Wik (T — Qoinoik) — PE,i+3,k - Tiy3Mi Lik — PGivs - Tiyp3N1:Gik (5)
+ (14 7it3) S2ik — Szik + Bz‘,ifl,]c

cait = (1+47i44) 8300 — W;

where I'; is a variable describing the difficulty (time cost) of acquiring a specified amount of
education given by

I'; = exp (I'io) - (hi—q) 0t

with T';o > 0 and 0 < T';; < (1 — 61)/ 02, so that a high h;_; makes it easier to learn.

It should be noted that in the above formulation the cost of children increases proportionally
with income (wages). It is implicitly assumed that the number of children and level of education
do not violate the time constraints.

Maximization of the individual utility functions given these constraints lead to males’ and
females’ notional demand for children, 71;; and 79;,. Negotiation leads to common effective
demands 71, and 7o, along with a level of government care G;. Taxes used to finance publicly
provided old age care is paid by those at working ages and is denoted by 7;. Finally the individual
effective demands for consumption, education, €;y and €;,,, wealth accumulation W;, and care of

parents, E;; and Ej,,, are found by maximizing the couples common welfare function given the



common household constraints:

i = % [wiif (T =T~ eif = @rip - M1i) + Wiim (T =T - €im — @1y - 11i) — S10 — 2Tiy1]
C2i = % [waif (T = prip - N2 — o - 11i) + Wairm (T — Py, - N2i — o - 1)
—7y oM (PE,iv2,r Eif + DB, iv2,mBim) + (1 + Tig2) 51, — S2; + 2B; i—2 — 2742 (6)
c3i = % [(w3if + waim) (T — @o; - M12;)
—77 st (PE, 43,0 Eif + DB, i+3,mBim) + (1 + 1iy3) 52 — S35 + 2B; -1 — 27i13]
cai = % (I +7iya)s3i — Wi

where ¢j; is per person consumption in the household and sj; is total savings (notice that savings
are the only variables not being on a per person basis). This assumes that consumption is evenly
shared between males and females in each period. The couple agrees on a common level of wealth
accumulation, but different educational levels and different levels of care for parents.

Notice that in determining their notional demands (the individual budget constraint) individu-
als assume that they directly pay the cost of public care for their parents, while when determining
their effective demands (the common household constraint) they pay taxes covering the care of the
old during their work years. The cost of providing public old age care to a generation is thereby
spread over the whole working population and not just the generation’s children.

Figure 1 shows the interaction between generation i’s timeline and the timelines of the two
parent generations ¢ — 1 and ¢ — 2. The figure shows the number of children each of these two
parent generations had, how these combine into generation i, and gives an illustration of when care
of children, care of parents, education, and bequests occur during generation ¢’s lifetime.

For later use we define ¢7;, and ¢}, as the discounted cost of having children at respectively

age 1 and age 2 divided by the level of human capital,

Oiie = [winoe + (14 rige) T woines] [hak (7)

eoe = [(L+7ive) twainpry + (1+ ripa) " (14 7ig3) ' waines] /ha -

The total discounted cost of having children at any age will be equal to the age specific time costs,

¢;, multiplied by the wage at the point in time the time cost is incurred.
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Figure 1. Generation i’s timeline in relationship to parents’ timelines*

t i—2 i—1 ) i+ 1 1+ 2 i+ 3 1+4
i-2 | | | | | |
oo [ [ s
births ;21 Ni—2,2
I N N D B
I R R IR
births Ni—1,1 ni—1,2
z A N I I
oo [ [ o2 s [ e
education e;
births ;1 ni2
n; n;
care of children pim 2l
P1Mi2 PaTli2
care of parents nziEz‘ 771iEi
bequests B2 Bii1 -W;

* The subscript k£ has been dropped in the table

2.5 Bequests

The probability of females born at age i surviving until age 4 was earlier denoted by ;14 5 and the
male survival probability by ;4 . If one or both parents die before reaching age 4, their unused
savings (planned to be used as consumption at age 4) are given to their children in addition to
the accumulated wealth the children were to receive anyway (bequests are shared out equally to
all children). Letting ¢;; be the per person effective consumption (the agreed upon consumption
level after the couple have negotiated about children) of males and females of generation i at age
J, the total bequest per child given by those born at time ¢ — 1 will be

_ 2Wii1 + (1 — miga,f) Cai1 + (1 — Tiv3.m) Cai1

B;_1 & ,
N1i—1 + N2i—1

consisting of saved wealth and unused consumption due to the possibility of not reaching age 4.

The total bequest received by individuals of generation ¢ with young parents (born at time i — 1),

11



Bi,i—h will be

Wi+ (1 —7)5) 254i—1>

Biic1=m; - Bio1 =2y, ( Tiyi1 + fiog_1
i— i—

where 7., is the proportion of generation ¢ with younger parents leaving bequests when their

children reach age 3, 1;; = 7;2,; /N;, and where average longevity is defined as

Tivj = 5 (Titjf + Titjm).-

In the same manner the total bequest received by those with older parents (born at time i —2),

Bi,i—27 will be

Wica + (1= 75,) Caiz
N1i—2 + Noi—2 ’

Bii—2 =g - Bi—2 = 21y, (

where 75, is the proportion of generation i that was born late and therefore have elderly parents
who leave bequests when the children reach age 2.

Taking into account that those with old parents receive their bequest at age 2 and those with
younger parents at age 3, the total discounted value of bequests received by each individual in

generation ¢ as a whole, denoted B, is given by
Bf = (1+7i42)  Biica+ (14 7i2) " (1 4+7443) " Biio1. (8)

The inclusion of mortality in the model makes it natural to include bequests (or at least invol-
untary bequests since individuals can die prematurely). Since bequests depend on one’s parents
income (which further depends on earlier generations income and so on in an infinite regress), they
complicate the dynamic structure of the model. This is dealt with by assuming that individuals
make some simplifying approximations (see assumption 2 in section 3.2) when finding the notional
demands to be used in the negotiation phase. It is important to note that these approximations
only directly affect notional demands, so that the budget constraints in effective demands are not

violated.

2.6 Education and human capital

The human capital acquired through education by an individual of type k belonging to generation
1 is denoted h;. It accrues to the individual in the period the education is taken and is determined
by the aggregate level of human capital in the previous period, h;_; and the amount of education,
ek, the individual has taken. Letting €; be the actual (effective) demand for education, the

individuals’ realized level of human capital will be

hiy = (’%-1)01 (&)™, (9)
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where 6; and 0, are parameters. Note that é€;; is the effective realized demand for education,
conditioned on the negotiated number of children, while the notional demand for education, é;,
is based only on each individual’s own desire for children.

The level of aggregate human capital for generation i is denoted h; and is determined by the

previous level, h;_1, and the amount of education taken by women, €;¢, and men, €;p,,

e o b2
h= ()" (22552 (10)

In the following, we will distinguish between human capital, which in our use of the term only
takes education into account, and skills, which also take experience into account. The skill of an
individual of type k of generation i at age j, Sjx, is assumed to be the product of an age specific
experience parameter )\; and the level of human capital. An individual of generation ¢ = t is

assumed to have the following skill levels at different ages (at time ¢t =i + j),

Stk = Ahig =M\ (f_li—1)91 (er)”
Soik = Adhip = Ao (’_11—1)01 (eir)” (11)
Szik = Ashi = A3 (Bi—l)el (eir) .

If the discounted value of these experience parameters increases with age for a generation born at
time 4, we have:

A< (]. +7’i+2)71 Ay < (]. +7’i+3)72 A3. (12)

The number of persons of age j at time ¢ will be IV;_;. Letting l;;; be the amount of labor
supplied by individuals of type k belonging to cohort i at age j, the total quantity of efficiency-labor

employed in production at time ¢, Hy, is assumed to be given by:

3 3
H=> Nej Y L ikSian—2, 2 LS in (13)

Jj=1 k=fm J=lk=fm
where Zgzl D k=fm LjG’tf ;& 18 the amount of labor used by the government in providing old care.
In the above skills are assumed to be perfect substitutes in production. Males and females work
in general different hours due to time used on education and caring for children, but at age 3 they

work equal amount of hours.

2.7 Production and factor prices

Production Y; occurs within a period according to a standard one-sector production function F
that exhibits constant returns to scale and is subject to exogenous technological progress through

a technological coefficient ,, reflecting labor augmenting technological change at time ¢. The

13



technological coefficient is an externality that is not taken into account by the firms or individuals
when they maximize profits and utility. Letting K; be capital, output at time t is assumed to be
given by
Y = F(Ky, 4 Hy) = AKL (b, Hy)' ™" = 9, Hy f (k) (14)
where k; = Ky /(1 Hy), f(k¢) = Ak}, and A and p are parameters.
A small open economy is assumed, so that the real interest rate, r, is given exogenously by

international capital markets. The solution to the firms’ optimization problem sets factor costs

equal to their marginal productivity. For capital this gives
Tt = 8Yt/aKt = f/(kt)v (15)

which implies that the capital ratio k; is determined exogenously in the capital markets, k; =

G
/J/7 .
Profit maximization implies that the marginal productivity of efficiency-labor H; is given by

Y /OH; = 1, [ f(ke) —kef (k)|. At the disaggregated level, marginal productivity determines

the following sequence of per capita wages for generation ¢ (born at time ¢ = 4)

_ N
Wik = Y W(rie)A - (hic) (ein)™,
_ N
Wik = ¢i+2w(7‘i+2))\2 : (hz‘71) ' (eik)ez s (16)
_ N
waie = VipsW(rivs)As - (hic1) (eir)”
where w;;, = ﬁ - (0Y;/OH;)(0H; /0l ;) for t =i+ j is the per capita wage for individuals

of generation i at age j and w(r¢) is defined by the function

Tt wn/(p—1)
D) = Fke(re)) — k() 1 (ke(re)) = (1 — @) A (hy(r)) = (1 — ) A (M) |

To see how this looks at a point in time, consider for example time ¢t = i+ 2 in which firms employ

the three cohorts ¢ — 1, ¢ and 4 + 1. They pay different wages to the three cohorts based on the

cohort’s different levels of experience and human capital in the following manner:

__ - \0
Witk = U ®(ri2) - (i) (eisn)”
%
1) (en)”,

_ = 0 0
W3,i—1,k = ¢¢+2w(7“i+2))\3 : (hi72) ! (eifl,k) .

>

ok = Y0 (Tir2)Aa - (

Government care to generation ¢ (at time i+4) is provided through a linear production function

LS, o, LS, LS, LS, LS, LS,
= . 1,i43,f 1,54+3,m 2,i+2,f 2,i4+2,m 3,i+1,f 3,i+1,m
Gi = min ) ) ’ ; )
kg Mg Ha Ha [ 2%e} 2%¢}
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so that employment is given by
LS in=ncGi, =123 k=fm.

To be able to entice individuals to work providing old age care, they must receive the same wage
as in the normal production sector. In addition it is assumed that there is a fixed cost component
poc which does not change over time. We thereby have that the price of a unit government care

for the elderly is

PGita = PoG T (Wiit3,f + Wiitam + Wiit2, f + Wiito,m + Wit1,f + Wiit1,m) -

The fixed cost component can play a large effect at low income levels, becoming less and less
important as incomes increase. It can thereby explain low initial levels of government care.
Government provided care for the elderly is covered by the lump-sum tax
_ Pliga - TigpalNi - G,

Titq — .
o Niy1 +Niyo + Niys

3 Notional demand for children

3.1 Expectations

So as to ensure closed form solutions to the agents’ maximization problem (important when con-
sidering the negotiation stage of the decision process), simplifying assumptions are made about
the individuals expectations about the behavior of parents regarding bequests and the behavior of

children regarding care when reaching old age.

Assumption 1 (Self-referring expectations concerning children’s behavior). Individuals behave
as if B}, = Ey, and G, = Gy. Individuals expect to receive from their children the same care

they give their own parents.

Assumption 1 states that the subutility of receiving care from ones children, ug ;, is transformed
to a function of the amount of care given to ones parents, E; (in addition to the number of children
born to the individual). This is based on agents believing there is a social contract stipulating that
they will receive the same amount of care from each of their children as they give their parents.

Define R% as the notional monetary income (labor income plus bequests minus taxes) of an
individual of type k in generation i and RM as a couples corresponding total effective monetary

income.

15



Assumption 2 (Rule-of-thumb approximations concerning parents’ behavior regarding bequests).
When deriving their notional demand for children, 71;; and fi9;%, individuals of type k and gener-
ation ¢ assume that the bequests they will receive from generation j are given by Bm»,j,k, which
approximates actual bequests B;;_; by replacing in the function for bequests the human capital

levels of ones’ parents,
hi_j7f and hi—j,m for k= f,m and ] = 1,2,

by one’s own notional choice of human capital level,

h; = (hiq)el (eilc)e2 .

In addition individuals assume that the notional monetary income of their parents, R

i~ j k> 1s equal

to the effective monetary income of their parents, Rf‘f j» so that

M ~ DM M ~ DM
Rifl.,k = R;”; and RifQ,k = R;%.

Assumption 2 states that the individuals use some rules of thumb to estimate the amount of
bequests they will receive. As long as bequests are a fairly small part of the present value of total

income,
w1k T + (14 7ip0) twor T 4 (14 7i42) L1 4 rigs) “tws T > B = B,

these approximations should have little effect on each generation’s demand (keeping in mind that
one cannot in general rule out that small changes in the demand of each generation can have
significant effects on the dynamics of the economy). The approximations are such that bequests
do not introduce extra dynamics to the model, retaining it’s simplicity.

As is usual in endogenous growth models, it is assumed that there are externalities in the
model. In addition to the normal assumption that agents do not take into account their influence
on technological progress, it is also assumed that they do not take into account their influence on

the price of care for the elderly.

Assumption 3 (Externalities concerning technological progress, price of care for the elderly and
tazes). Firms and individuals plan as if technological progress, 1, is exogenous, and individuals

plan as if the prices of care for the elderly, pg; and pg;, and taxes 7; are exogenous.

16



3.2 Notional demand for children

Each individual maximizes utility to find the notional demands for children that will play an

important part in the negotiation phase.

Lemma 1 (Notional demand for children) Maximizing (3) with respect to Siik, S2ik, S3ik,

Wik, Eik, Gik, N1k, N2k, and ey subject to (5), (16), (4), and (1), along with assumptions 1-3

leads to the following demand equations for children:

e 1 Anik + Ap ik B;;
14 * ’ i

2()01% 1464 (1 — Anir — AEik) Rk

- 1 Anik + Agik B;

i 205, 1+02(1— Ay — Apix) hik

where €;;, 1s the notional demand for education and where

di; = (14+7mk) H{:k (1+rl)*1
i = Vi ®(risn) M
Xoy = dig1,i42V0W(Tig2) - A2
Asi = dit1,i43030(Tigs) - A3
Clik = M Prik T A5 9o
Oaie = Moi - Prip + A3 Qo
T = X, T+, T+, T
hi, = (B¢,1)91 (éik)ez
Ani = o/ A},
Agik Tita ki) Al

*
Aik

Proof. See appendix A. m

TF + (1+69) ““1, k=fm

TF + (1+69) Jk] . k=f.m

1+8+ 6"+ 7Ti+4,k53 + TitakQE; + aw + Qo + Titq kQE ;-

In general, bequests, B};, will depend on all previous variables. This poses no problems for

the above derivation of notional demand for children, since they can be considered predetermined,

but will lead to complicated dynamics. Using assumption 2 to substitute B;‘“k for B} simplifies the

model greatly, as reflected in lemma 2.

Lemma 2 (Expected bequests received) Under assumption 2, generation i’s expected received

bequests divided by their notional human capital level, _Bh i only depend on parame-

(him1)™ @)z

ters in the model with

B;kfj,f/ (filzel)e1 (éz‘f)02 = B;kfj,m/ (Bz;l)al (éim)ez :
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Proof. See appendix D. m
The expression on the right hand side of the notional demand equations (17) and (18) can be

written as individual k’s total expected discounted income over his or her life,

3
1 _ 01 - <0 ~ ~

hi_ a) T 4+ (146 *}:E ik - T —wilieir + B,

1+ 60y (1— Anir — Agir) {( 1) (Ew) ) B j:lek e ik

where the endogeneity of education has been taken into account. Rearranging equations (17) and

(18) and then inserting from (7) to get

Anik + Apin

3
5 Z Wik - T —wiklien + By,

j=1

(wiikprp + (L+ Tige) " waikepy) - ik =
and

(14 7ig2) M wainery, + (1 + rig2) " L+ 7igs)  waingy) - ok

3
= W : ijik T —wiglies + B, |

j=1
it can be seen that the notional demand equations for children imply that the marginal cost of
having children must equal the marginal benefit in money terms.

The demand equations for children, (17) and (18), imply that increases in the costs of having
children, ¢73,, and ¢35, will decrease notional demand, while increases in discounted lifetime
income, T} + (1 4+ 63) B;‘k/ (ﬁi,l)ol (éik)ez, will increase it.

Differences in the discounted costs of having children early, ¢7;., and having them late, 3,
determine the distribution between early born and late born children. The fact that women
experience higher costs than men (go}‘l > <pjim), will in isolation lead to women wanting fewer
children than men. On the other hand, as will be seen later, the parameters of the utility function
(especially if the relative size of ag; is large and ;44,5 > Ti1a,m) can counteract this effect. If
ag; is small enough, ¢y, is larger than ¢y;,, and ;14 ¢ is larger than m; 4, then women will
always want less children than men, 7ij;r < fjim.

Spacing is defined as the difference between the number of children born late and the number
born early, fig; — f21;. An increase in late births compared to early births will according to this

definition increase spacing.

Proposition 1 More children will be born early than late if ©5,; > @7;., which will always be the

case if discounted wages increase over time,

Wik < (14 7ig2)  waie < (14 7i42) " (14 7i48) " wair,
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Proof. Inserting for 3., and ¢}, in @3, > ¢}, and multiplying by h;x leads to (di11 i+owair, — Wiik)-
O > (dig1,iv2wain — dig1,i43W34k) - Po;- M
One might want to note that if more children are born early than late, 71; > 79;, then an

increase in spacing will always increase average age when giving birth.

4 Effective demands

4.1 Effective demand for children as the outcome of bargaining

It is assumed that the effective (actual) demand for children is the outcome of negotiation between
the sexes. As mentioned in the introduction, negotiation between the sexes is based on the notional
demands for children found in the previous section. The couple negotiate on the basis of these
notional demands, agreeing on the number of children they wish to have; their collective effective
demand for children.

Individuals wish to minimize the distance between the agreed upon number of children born at
time j and their notional demand, 7i;:

min- (i —n)?, =12 k=fm.

The Nash product gives the n;; that is the solution to the bargaining problem

. . NP5 /. 2\ Prni ,
min ((’I’Lﬂf — nji) ) ((nﬂm — 7’Lﬂ> ) y J = 1,2,

where ®7; is a parameter reflecting the negotiation strength of males and ®%; the negotiation

mi

strength of females.

The effective demand for children born early, 71;, is then given by
1 = Pinrip + (1 — ;) Naim
and for children born later in life
Rg; = Piftaip + (1 — ®;) Roim

where ®; = @}Z/ (@?i + <I>;“m->. The realized number of children, 7;;, is the weighted average of

the desires of the male and the female weighted with their relative bargaining power.

Lemma 3 (Effective demand for children) The realized number of births determined by Nash

product is given by

B
T +(1+460) ———— (19)

Ny = Q i -
1 1 (hi—l)el (éif)02
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B
no; = Qug |17 + (14 02) + (20)
(hi1)™" (&is)"

with
Q, = Anis + Apiy @, +ANim+AEim . 1-®;
20%if L+02(1 = Anif — Apiy) 20%im 1+02(1 = ANim — Agim)
O, Anis +Apiy ®; n Anim + Agim 1-9; .
2(,0’2‘”0 14021 —Anif — Agiy) 208 im 14602(1 —ANnim + Agim)

where by lemma 2
Biy B,

- 01 -~ 0, /7T 0, , . 05"
(hic1) " (&) (hiz1) " (Gim)"?
If women want less children than men, 7;;f < jim (if ag; is small enough, ¢; ¥ is larger than

P1im and mipy ¢ is larger than Tit+a,m), then an increase in the relative negotiation strength of

women, ¢;, will lead to there being born less children.

4.2 Government provided old age care

At time ¢ + 4 (the time generation i goes into retirement) there are four generations of voting age
(ages 1 to 4). Their notional demand for giving government old age care is given by

1 Agik

Gip = — -
¥ P& 1+ 02 (1 — Anik — Agik)

B* | -
TF + (1+6) J’“} hik.
hig

It is assumed that the social contract between generation is such that they receive an average of

male and female notional demands,

to be paid for through taxes.

4.3 The household welfare function and the effective demand for edu-
cation

Inserting the above choice of number of children into the individual utility functions gives us the

following utility functions for males and females

Uif = lnclif + /BlnCQif + ﬁ2 lan,if + 7Ti+4,f63 ln04if + aw h’lWif + Titd, fOE; h’lEif

Qo+ Titd,f AR,
2

(ln n1; + In ﬁzi) + Tita,f - @gln (1 + le)

Uim = 0 Clim + BI0 Coipn + B2 10 C3imm + Tiga.mB I Caim + aw I Wip, + Tivamar; - 1n By,

Qo+ Tira,m " QO
2

(111 n1; +1n ﬁ2i> + Tira,m - QG In (1 + G’m) s
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Assuming equal levels of consumption and equal wealth accumulation for males and females,

Clif = Clim = C1j C3if = C3im = C3i
Coif = C2im = C24 C4if = C4im = C44
Wip =Wim =W;
(cj; are per person consumption), the household welfare function is defined as the average of the

male and female utility functions:

_ 1 1
U; = Ui + §Uim =Incy; + Blney + A2 Iney; —|—7TZ+4[33 In cg; + aw In W;

1 1
+ S4B In B¢ + STi+4mOE " In £,

+ (ao + Ty aEi) (Inny; +Inng) + w7,y - agln (1 + C_lik) (21)

Lemma 4 (Effective demand for education) Mazimizing (21) with respect to s1;, Sai, S3i,

eifs €ims Wi, Eiy, and E;y, subject to (6) leads to the following effective demand for education:

02
Gif = ————— o [TF — @l A1y — @l p - P2 22
f (1+92)>\1LF1[ Solf 1 SOZf 2] ( )
and
P
Eim = T~ 115 — Plim i — Paim * T2i] 23
€ (1+02)>\12F1[ #1 ni P2 n2] ( )

Proof. See appendix B. =

Lemma 5 (Actual bequests given) Individuals in generation i — j leave behind actual bequests

to generation i of By ;_;,
Bii—j =nji - Bi-;

Qo,i—j M I opn 1 ( 1 )
=n=—2 R | ——RM". ;= +0
P ey T Ry 2\ ANy — Ay

-1
1 1 1
+~R11'W'm'( +9> D.1
B . I 2\1-ANijm—AEi—jm ’ ( :

i—j,m
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where

0 1 (1 - 7T;Lj+4) 7T;£j+453 + aw
i = . i
i dijiri-jra 14 B+ B+ 7 B + 7 40+ aw
QO _ AwijstAmigy P
Li—j = " .
” 207 iy 1402 (1 = Anji—jf — Api—jt)
+ ANJ'*j,m + AE,i*jﬂ”ﬂ . 1-— (bifj
207 iz im 146021 —=ANi—jm — AEi—jm)
0 _ Awigs+Apigy P
2i—j = " .
” 205 i—jf 1402 (1 = Anji—jf — Api—jit)
Lo 1—®;

205 ; sm 1+ 05(1= AN jm —Apijm)
Proof. See appendix C. m

5 Dynamics

If ap; is constant (or equivalently that G is greater than é) and the level of productivity and the
interest rate do not change, then the dynamics of the model are very simple. The main dynamics
are then provided by the development in human capital given by a first order difference equation
which is stable if 6 + 621';; < 1. The dynamics of the model become somewhat more complicated
while government care for the elderly still influences the parameter ag,;, which with a certain lag
affects human capital, population growth and new desired levels of government care.

The effective demand for government expenditure per unit human capital was earlier found to

be

B
T + (14 62) ~Zk] .
Rk

Gi 1 1 Ak
i pa §k§m1+92(1—ANik—AEik) .
By differentiating this with respect to ag; it can be seen that for increasing h, G will be always
be increasing as long as wealth accumulation and consumption have a greater weight in the utility
function than children: 1+ 8 + 8% + 7ri+4,kﬁ3 + aw > «ap. If we, for example, take as a starting
point a situation where the level of human capital, h, is growing, growth in human capital levels
and thereby in income will have a first order effect of increasing government expenditures on old
age care, G;. The increase in G; will decrease the utility of private care, ag 44, which after a four
period lag will have a second order effect of further increasing G;.
Earlier we defined the utility parameter for private old age care as
G +&- (114G a) if 0<Gy<C
3! if Gi_4>G
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Define ) ~

g min B &

h),  h

where G / h; is conditioned on ag; having its minimum value and
g max B Q

h/, Y

where G/ h; is conditioned on ap; having its maximum value.

(lEizfl

>

api=€+&,

Further define )
N (Q)I_nm
G = Mli

! G

At all levels equal to or greater than hZG* we have that ag; is equal to £;.
From before we know that Qq;, Q9;, and % depend on values of o, which we denote as
ik

follows: R
Qi (agi), Qoi(ap;) and ﬁik (api—1,api-2).
ik

Inserting for

Ty = exp (—T) - (hia) ™ "

5 > 0
1-064
02

I
921—”{1 +60;>1

we get

0
log hi = 61 log hi—l + 02 lOg <(1—’_02))\*)
2 14

tpﬁf“"‘PTimQ 4 W;if"’"ﬂ;img )
T* _ 2 1z 2 21
2

~62 log [exp (~Tg) - (hi1) ™ | +62 log

: (Tt + (14 69)

Inserting the equations for education (22) and (22) into

= S, 62
hi = (717:—1)61 <er J; em)

gives the equation

0
log h; = (01 + 02I's1) log hi—1 + 62 log <(1 +05) )\*2 exp (F'o)>
1i i

s@IierwImQ 4 so;*ifﬂoamg , B
Ty — —2 - 2 2Z~<T;‘+(1+02)~““>]

+ 65 log 5
ik
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describing the dynamics of human capital development .The level of human capital in always

growing if log h; — logh;_1 > 0, or equivalently

65 1o £
208\ (1 +62) A}, exp (—T)

PliftPTim 05 P5im
MQM‘FMQm

Ti* - 2 B) 2 . (Tz* + (]. + 02) ?Zk>‘| > (]. - 01 - 02F?1)1Og hi,1
ik

465 log

Define

02
z(xayVZ) 92 { Og((1+92) )\TzeXP(_Ffo)>

tPI,:f“’SDIim 0 ‘P;if"‘%a;i,m O, Bfk
e — (”3); 2 2 (2) (:Q +(1+6,) E”“ (%Z))”
ik

+ log

At time 4 this will be equal to
Hi(agi,api-1,0mi-2),
so that the level of human capital is always growing if

H;(0gi,0pi—1,05i-2)
1— 0, — 0,07,

> logh;_1
Equilibrium will occur when

Hi(0gi,api—1,0pi-2)
10, — 017,

= IOg hi, 1-
Assuming that equilibrium occurs after G has become greater than G so that

api =&,

let equilibrium H; be defined as
Hqu =H; (§,61,61)-

Above we defined hiG* so that for values of h greater than this we have that ag, is equal to &; and
Hi(api,api1,0mi ) = H %
Finally also define
Hzmin = H; (§1,&1 + 2,61 +6),

which is the smallest possible H;.

Proposition 2 IfGY is chosen so that log hZG < %, then human capital h; and government
i1
expenditures on old age care, G;, will be increasing as long as h; is below the equilibrium level
Eq

10,20, imply increasing levels of government old age care. The equilibrium is stable as long

as (01 +02Fi1) < 1.
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Proof. The level of human capital is increasing for all

Eq
logh; < — &
RS R—
if .
. Hmin H: q
log h¢" < d < :
RA N —T ) ( 1— 0, — 02r;1>

If h; < hlG* the level of human capital is always increasing because
min

loghy < ——t |
AL R A—

At higher levels than hZG* we have that H; (¢gi,agi—1,ap;—2) becomes constant. The general

solution to the first order difference equation

logh;, = (014017 ]logh,—1+ H; (agi,api-1,a5i—2)

= (01 + 60513 logh; 1 + H™

then becomes
Eq HEq

log h; = (61 + 0T'1)"™ <log hi 1T, - f>T -1> 19, - 02T j1
J J

(J being a time at which ag; equals £;) with a stable equilibrium at h, such that

HE

?

logh, = ——*———.
°8 1 =01 =0

min

The assumption log hZG* < 1-g, —p,T=, ensures that decreases in a; die out before h; becomes
%1
so close to its equilibrium level that changes in ag; could lead to a decline in h;..

Notice that H; is a function of all the parameters in the model,

exp(H;) = H (02, 0, A1, A2, A3, Ty 041,040,455 i1y Tid2s Tid3s P1i_ags
Pri—1f P1ifs Pri—2ms Pli—1m> Plims> P2i—25 P2i—15 P2is Tit2,f5 Ti43,f5 Tit4, fs

Tit2,ms Wik 3,ms Titd,m, Pie2, Pic1, @i, B, aw, Ei—2, XEi—1, R4, Q)

0Lt PTim Oy P5ir+P5im () B’.“
b, o2 T (e (14 9,) Dk
(1+02) A7; - exp (Tio) 2 i,

If parameters of the model, the level of productivity and the interest rate change then H;
and the equilibrium solution will change. It is important to note that %:k only depends on the
ik

02

parameters of the model (instead of being a function of lagged variables) and therefore does not

introduce extra dynamics into the model. This is a consequence of assumption 2.
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If hy < h, human capital will be growing over time. The larger 6; is, the larger this growth
will be. Galor and Tsiddon (1997) assume that 6, is a decreasing function of h so that one can
have an increasing growth rate at low level of human capital (6, 4+ 62I';; > 1), and a decreasing
rate at high levels.

Since G; is non-decreasing (when h; lower than the equilibrium level of human capital), ag; will
be non-increasing. If h; is low enough it will first decrease to ¢; and thereafter remain constant.

There are two effects of a declining ap; on the number of children,

B
nji= Qi |TF + (1+62) =&,
ik
because R ~
oy 0(Bifha) o 0(Bi/ha)
— >0 ——" 2 <0 ——"1 2 <0
Oag Oagi—1 Oagi—a

as long as long as wealth accumulation and consumption have a greater weight in the utility
function than children, 1+ 8+ 8% + 7r1v+47kﬁ3 + aw > ag. The first order effect % > 0 will then
always be positive. An increase in the desire for private old age care, ag ;, will increase the number
of children as long as «q is not too large. If ay is very large, then one will wish to increase received
care (per child), while slightly reducing the number of children. This will still lead to more total
care.

An increase in ap; makes private care relatively more important, increasing the desire for
children, but, with a lag effect, the increase in the number of children and a corresponding decrease
in wealth accumulation reduces bequests per child (leading to fewer children in later generations).
Generally one would think that the direct effect would be stronger than the effect through bequests,
so that over time a declining ag; will lead to a decrease in the number of children (as has generally
been observed).

As a decrease in ag; decreases the number of children born (at least as a first order effect), the
amount of education taken by women and men, ;5 and €;,, will increase. If in addition 3, > 2y 1
spacing and the average age when giving birth will increase (also fitting historical observations).

As soon as ap; reaches a constant state then the number of children will also after a while

become constant. The size of cohort 7 is given by
Ni—1 Ni—o

Ni: -71‘,
B Nnyi—1 + 5

The demographic dynamics can in general be described by

- Ng—2.

N1i42 1
— 2
Ni+3 - Ni+2 Ni+1 Fiaig1 0
2

Nijpo - figipo + Nipr - Ngiq1
Nit1
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If the number of children each cohort has is the same then the transition matrix becomes

1
0

| |
NSNS

The population will grow if % + % > 0 and fall if % + %2 < 0, with n; + ne = 2 leading to
a stable population. If the starting values N_; and N_o are different, then the relative size of
cohorts N;/ N;y1 will oscillate to begin with before approaching a constant value. The dominant

eigenvalue of the transition matrix gives the natural growth rate of the population.

6 Changes in mortality, bargaining power of women and the

cost of children

Decreasing mortality (increasing longevity m;44,) has two effects on the notional demand for
children. The wish for more consumption in the last period will lead to fewer children, while the

wish for more care will lead to more children.

Proposition 3 (Falling mortality) Falling mortality (increased longevity w;4) will increase the

number of children born if

3
1+ 8+6+aw > (f +1>a0,

Ei

otherwise falling mortality will decrease the number of children. A sufficiently low ag,; will lead
to falling mortality decreasing the number of children born. If the number of children increases
when mortality drops, the amount of education taken by women and men decrease, otherwise it
will increase. If a decrease in mortality increases births and 3, ; > ¢3¢, then an equal marginal
increase in the longevity of women and men will lead to an decrease in spacing and in the average
age at birth. If, on the other hand, a decrease in mortality decreases births, spacing and average

age at birth will increase.

If receiving care when old is not appreciated (ag,; = 0), then a decrease in mortality (increase
in longevity) leads to an increase in the desire for consumption at age 4 and thereby a decrease in
the number of children. Individuals reallocate resources away from children toward consumption in
the last period. On the other hand, if care when old is the only aspect of children one cares about
(g = 0), then a decrease in mortality (increase in longevity) makes receiving care when old more
important, leading to an increase in the number of children. In this case individuals reallocate
resources towards children.

Sufficient conditions for falling mortality to increase the number of children are that
ap; > B
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and that wealth accumulation and own consumption during one’s working years have a greater

weight in the utility function than having children,
14 84 8%+ aw > ag.

If early this century g ; was large (due to a lack of government provided old age care), decreas-
ing mortality lead in isolation to an increase in the number of children. To begin it could be argued
that this effect was counteracted by the effect of increasing child costs (especially increases in the
cost of older children, ¢,,), so that the total effect was for the number of births to decrease. If the
effect of increasing child costs abated, the effect of decreasing mortality would become relatively
more important and births would start to increase. If then apg; shifted downward as government
provided old age care became more prevalent, the effect of decreasing mortality would be reversed,

leading to a decrease in births.

Proposition 4 (Increased bargaining power for women) If women have a smaller notional
demand for children than men, fijif < Rjim (which is always the case if ag; is small enough,
<p;ff > QOim and Tiya,; > Tivam), then an increase in the bargaining power of women, ®;, will
decrease the number of children born. Such an increase will always lead to an increase in the
average age of giving birth if

(1+ 7“1+2)71 1+ 7‘1+3)71 Wik (1+ 7“1+2)71 Waik
(1+ T1+2)71 Wik W1k

, k=fm.

If an increase in ®; decreases the demand for children, the amount of education taken by women

and men, €5 and €;y,, will increase.

From this in follows that if a.g; becomes small enough for decreasing mortality to decrease the
number of children, then increased bargaining power for women will also have a negative effect on
the number of births, with positive effects on the average age at birth and educational levels.

The cost of having older children, ¢,;, can increase both due to falling economic benefits
of having older children (they do less household work) or increasing costs (care becoming more

expensive) of having older children.

Proposition 5 (Increased costs of children) An increase in the cost of having older children,
s, will lead to a fall in the number of births, n;. Such an increase will always lead to an increase
in the average age of giving birth if

— 2 —_ —
((1+7”1+2) 1w2ik> - (14 ri42) ! (14 7r143) Y wsik

k= f,m.
W1k (1 + 7"1-1-2)71 Wik ’ ’

An increase in o, increases the amount of education taken by women, €;; , and decreases the
amount taken by men, €;,,. If womens’ cost of having young children approaches that of men, then

the difference in educational levels will decrease.
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It is only the relative time costs that are important when considering the amount of education
taken (it plays no roll in the nominal demand functions, since the number of children one wants is
proportional to the cost of taking care of these children). An increase in the cost of older children
reduces the demand of men more than women. This implies that men’s total time spent on children
increases (the number of children they have is reduced by less than the cost of children) and that
women’s total time spent on children decreases (the number of children is reduced by more than
the cost of children).

If the cost of having older children has been increasing and womens’ cost of having young
children approaches that of men, then womens’ levels of education will increase more strongly than
mens’ levels (assuming the total effect is for education to increase).

In addition to the above results, the model is such that decrease in the importance of senior-
ity through a reduction in the ratio A3/ A; will lead to an increase in spacing (relatively more
late births). A decrease in Az reduces 3, while leaving ¢},, unaffected, and an increase in A;
increases (7, while leaving 3., unaffected. It becomes relatively cheaper to have children later
(the opportunity cost has decreased).

The effect of falling mortality on desired levels of wealth and consumption (during working
ages) are uncertain. The direct effect is negative since one wishes to increase old age care and
consumption as old, but if the number of children decreases, the amount of education taken by

women and men increases, leading to higher income and a positive income effect.

7 Conclusions

The paper has used a very simple combination of a overlapping generations model and bargaining
among spouses to give a discussion of the factors that affect the number and timing of children. The
model is able to explain changes in fertility as being the result of the net cost of having children,
the utility of being cared for by ones children when one is old, and the bargaining strength of
women in marriage.

The stylized facts discussed earlier can now be explained using the above model. FEarly in
the century the benefits of having older children were decreasing fast due to fewer people living
on farms in rural environments, leading to a decrease in the number of children. As this effect
tapered off, declining mortality and a high utility of receiving care from one’s children lead to the
number of children rising again. Finally a fall in the utility of receiving care from one’s children
and increasing bargaining power among women lead to a further fall in fertility.

The increased bargaining power of women combined with less returns to seniority have recently

lead to a delay of births. Education and the level of human capital have been increasing throughout
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the last century. As a result of the increasing time cost of older children and of time costs of young
children falling more rapidly for women than for men, the educational level of women has been

approaching that of men.
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Appendix A. Proof of Lemma 1 (Notional demands)

Proof. The optimization problem is

2 3
max Uy, =Incip + BIncar + B Inesgin + Tigra 8 Incagr + oy M Wig + miqan - ap; In By
ap+m; Qg ap+m; R
4 R 7r1+24’k 2L Inngy 4 =5 EL W1+24’k L Innoik + mivak - g ln (1 + Gig)

Wt S1ik, S2ik» S3iks Wik, Bk, Gik, N1k, N2k, Cik

st. crik = Wik (T =T - e — Prpniic) — Stik
caik = Waik (T — Q1pN2ik — PoM1ik) — PE,iv2,k * TiyoN2i Bik — PGiv2 - T o2 Gik
+ (L4 7it2) 1k — S2ik + Bi,i—2,k
czik = W3ik (T — ©o;N2ik) — PE,i+3.k - TipsNiBik — Paits - T3 Gik
+ (L + 7i43) S2ik — S3ik + qu,k

caik = (14 riya) S35 — Wi

_ N

Wik = 7/1i+1w(7"i+1)>\1 : (hifl) ! (&'k)ez
_ N

Waik = Vi oW(Tig2) A2 - (hiz1) (eir)™

W3k = Y1 3W0(Ti43) A3 - (Bi—l)el (eir)"

Letting dy; = (1 4+ 7%) Hij:k (1+ rl)_l maximization wrt s1;, So;x and ss3; leads to

C2ik - Clik
dit1,i42
2
C3ik = S Clik
dit1,i43
3
it kB
C4ik = ——Clik-
dit1,i+4

Inserting this into the the first order conditions for Wy, E;r, Gik, n1ik, N2k, and e;, and into the

equation for total discounted consumption,

2 3
Clik + dit1,i+2C2ik + dir1,i+3C3ik + dit1,i+4Caik = (1 + B+ 8"+ mira B ) Clik,

gives the following six first order conditions

(1+ B+ B + miranB®) crin
T 0 * * * *
= (hi—1)" (ea)™ (T7 = MiLiewn — @inain — Ohipnzin)
— PhiBik — P& Gk — dis1,i4aWir, + Bjj, (A1)

oo+ Tipak-ap; 1

(hi—l)al ()" 2Pk

N1k = Clik (A.2)
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oo+ Tipak-ap; 1

Noik = —— —C1k (A.3)
(hi—l)el (6ik)02 2051k
1 02 « * *
Eik = ﬁ ] 10, [T — @liniik — P2m2ik] (A.4)
Eij, = wclik (A.5)
Pg;
G = wclik (A.6)
Pgi
@
Wik = %Clik (A7)
i+1,24+4

in the seven variables ¢y, Wik, Eix, Gik, n1ik, N2k, and e;x, where

i = Vi 0(ri)M

Ay = dig1ito0W(Tive) Ao

A3i = dig1,i130; 3W0(Tig3) A3
Pl = A1k T X3P

TY = X, T+X\y -T+X\y T
Pri = ditvivePEite Titolz + div1itsPEivs - Tipsh
PGi = dip1,i42PG,it2 " TiyoNa; + dit1,i4+3PG,i+3 * TiqT

3% = dit1iveBiicon + div1 i3 B

Defining R;j, as individual k’s total discounted income over his or her life,

0 * * %
Ry, = (hi—1)” (er)”™ (T} — A Tiew) + B,

K2

with discounted expenditures equaling discounted income,

4
Z di1,i+j * Cjik + Rk - PTig ik + Pik - O340, - N2ik + Py - Eik + 0 - Gik + dig1,i+a - Wi
i=1

= R = (hi1)"* (ear)” (T = ATiear) + B,

the above seven first order equations can be solved wrt ¢y, Wik, Eir, Gik, N1ik, Noik, and e;, to

get the notional demand equations

1
1462 (1 —Anik — AEix)

(Anik + Agix) -

1
Crik = — Rir
A%,
Faie = — Nk“l2‘ Eik ik (17)
Plik Pk
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with

where

and

1 Anik + Agik Rik

N2k = — = 18
Paik 2 Pk (18)
92 1 B*
ik = o - Ty — A | T + £
TN 1401 — Ay — Apa) ; ( hik)
- 1
Eix = —AgikRik
PE;
1
Gik = —AcinRik
Pgi
~ 1
Wi = 7 Aw i R,
i+1,i44
Ri, = ! [ﬁ- TF + (1+62) B
P40y (1= Ayik — Apag) L *7° 2k
ik = (hio1)™ (E)
ik = ( 1—1) (ezk)
Anip = A%k@o, Awi = A%kawy
Apix = Alfk (TitaaEi),

A =14+8+8+ 7Ti+4,k/83 +aw + Titakp; + Qo + Titd kOE ;.
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Appendix B. Proof of Lemma 4 (Effective demands)

Proof. Since children and government care for the elderly are given, we define the constant

U: = (040 + 7Tr+4 . aE‘i) (lnﬁli + lnﬁQi) + Wz+4 -agIn (1 + le) s
so that the households maximization problem becomes:

max Ui =Incy; + Blnecy + B3Ines; + 7r;-*+4ﬁ3 Incy; + aw In W;

1 1
+ 5Mita - api M Ejp + 5Titam - api - In By +uf

wrt 51i352i753i76if76im7Wi aE’inyim
s.t. cri = 5 [wiig (T =T eif — @155 - M1i) + Wiim (T — Ts - €im — @iy - T13) — 516 — 2741
=% [waig (T — Prif - N2i — Py - 1) 4+ Waim (T — Py - M2 — Po; - T14)
—7% oMo (DB, iv2,f Eif + DB, iv2,mBim) + (1 + rig2) 51, — S2; + 2B; i — 2710
c3i = 3 [(Waif + waim) (T — g - T2;)

—75 st (PE, 43, £ Eif + DB, i43,mBim) + (1 + Tiy3) 52 — s3; + 2B; i—1 — 27Ti13]
cai =5 (1+1iva) sz — Wi

Py Ni-Gi

Ti = N;_3+N; _2+N; 1

)
i—l) ' (eik)02 ) k= f,m
i—1) ' (ein)”, k= f,m

i—1)01 (%k)ez . k=fm

>

Wik = Y 0(Tig1) A - (

sl

1 )92

I

Waik = Vi oW (Tig2) A2 - (

=

Waik =V 3W(Tig3)As - (
where savings s1;, S2;, 83; are total savings for the household (all other variables refer to each
person).

Inserting the first order conditions from maximization wrt si;, se; and ss3; into the first order

conditions from from maximization wrt ey;; and rearranging leads to the effective demands for

education
_ 02 _ _
€ = gy N T L T Phig i iy iz (22)
and
— 92 * * — * —
cim = m [Ti = Plim "N — Poim - T2, (23)
where
Ol = i~ Pip T A5 - P
Osire = Agi - P1p T A3 Py
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Inserting the first order conditions from maximization wrt si;, So; and s3; into the the first

order conditions for W;, and E;; along with the equation for total discounted consumption,
c1i T dit1,i+2 C2i + dig1,i+3 C3i + dit1i4a - Cai = (1 +B8+p8+ 7T;;k+453) C14

gives the following effective demands for old age care, wealth accumulation and consumption:

> 1 Titd,f QB RM
Eif = — ot B : (B.1)
pEifl-‘rﬁ—Fﬂ —|—7Ti+4ﬂ + T 0B +ow 2
= 1 Titdm * OF RM
EinL = ) " 3 " . (B?)
Ppim L+ B8+ 8+ 7 46 + 7 ami +aw 2
- 1 RM
W, = 5 aw A (B.3)
ditr,iva 14+ B+ 5" +mi ,B° + i api +oaw 2
_ 1 RY
€1 = 7 P S— T (B.4)
+68+0 +7Ti+4ﬁ +7Tz'+4O‘E’i+O‘W
1 RM
Coi = ——— SR B?, " C— (B.5)
dz+1,z+21+6+5 +7Ti+4ﬁ +7Ti+4OLE7;+OzW 2
_ 1 32 RM
€31 = d; . 2 * 3 * ’ 2 <B6)
i+Li+3 1+ 58+ 3 +7Ti+4/8 + T QR T oW
1 Tl RM
C45 = Mi+al — (B.7)

di+1,i+41+ﬂ+ﬁ2+7r;f+453+7rf+4am+aw 2

with total monetary income being

RM _ 1 hifTif + himTim B
2 14064 2
where
Tif = T —@Prip-nai — Poip - Mo
Tim = T} = Plim M0 = P, - T2
7 _ (T 01 ,~ 22
hie = (hi—1) " (Ei)

e.: e 92
hi = (hi71)91 (W)
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A = Y @(rig)M

5 = di+1,i+2¢i+2@(ri+2)>\2
Ay = di+17i+3¢i+3w(ri+3)/\3
Ol = A Prk T A5 Py
Ooike = Az Prik T A3 Py
Prik = Qiv1i42PB, it2.k  TipaNe; T dit1i43PB, i+3.k * Tj 371
* = diiq o .ot diiq i3 T
PGi = @i41,i42PG,i+2 " TiyoNa T Ait1,i43PG,i+3 * Ti137M1;
Y = divtiye - Bii—op+diyii13- Biicik
B = di1,i42- Biji—2+dit1i43- Biio1
T = Tig1+digrite Tive +dig1,i43 - Tiys.
R ! Ty +(1+6,) B
" ik 2) b;
' 14+602(1 —Anik — Agik) o *
R% = (1—Anik — Apir) Rix
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b — i
(2 * *
Qo
Anik 3 3
1484+ 0° +migaB” + aw + ap + 2Mi4a kOB
Ti+4, kOE
Ag ik

1 +ﬁ+ﬂ2 +7Ti+4ﬂ3 +aw + oo + 274 pOoE

Appendix C. Proof of Lemma 5 (Actual bequests)

Proof. From Lemma 3 we have that

n1 = Qu [T + (14 0,) - =& (19)
ik |
and _ -
_ * B'Lk
To; = Qo TZ =+ (1 + 92) © = (20)
L hik .
where
O, Anis + Apiy ; +ANim+AEim . 1-9;
. 207, 1462 (1 —Anig — Apiy) 2075 14602 (1 = Anim — AEim)
0. Anif + Apiy @, +ANim+AEim . 1-9;
“ 205, ¢ 1402 (1 = Anip — Apiy) 205im L+ 02 (1= Anim + Apim)
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so that the total number of children born by generation ¢ is

i + g = (D1 + Qo)

B
TF + (1+065)- J’“]

ik
where
Oy 4+ 0 1 n 1 Anis + Apiy D,
1i 2 = " "
Yoy Piif 2 1+02(1 = Anip — Agiy)
n ( 1 n 1 ) ANim + AEim (1—-%)

We also earlier defined the notional income variables:

1 - .

R ha Ty + (1+65) B}

. 1+02(1—AM—AE,L-,€)[ I+ (1+02) B,
R} = (1—Ani — Api) Rie

Bequests per child given by both parents can be written

2W; + (1 — Tiga,f) Caim1 + (1 — Titam) Cus

B; = — —
ni; + No;
2W; + 2C4i-1 — (47r1-+4,f+2m+4,@) 2Cy;
- 1 + Moy
2 - « _
= —— [Wi+ (1-7j},) cuil

N1 + N2y

Inserting from equations (B.3) and (B.7) in appendix B leads to

B _ 2 1 aw RM
TR dittiva L+ B+ B+ i, B + 1 gopi +aw 2
1 Wf+453 RM

+ (1 -7 )
( i+4) div1ita 1+ B+ B2+ 75,8 + i 00 +aw 2
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so that

B;

—1
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This expression must also apply to earlier generations:
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Finally this implies that
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Appendix D. Proof of Lemma 2 (Expected bequests)
Proof. Lemma 5 (appendix C) states that individuals in generation i — j leave behind actual

bequests to generation ¢ of B; ;_;,
Bii—j =mj; - Bi—j

Qoi_j _ 1, 1 ( 1 )
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iy Qi P\ iy 2\ T = Ay —Amagy
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It is then easily seen that assumption 2 implies that by replacing h;—; r and h;_; ., with hik,

N . L n .
and R%j p With —52, the received bequests from generation i — j, B; ;—jx, can be written
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Total discounted bequests per unit of human capital then becomes

B I _ ;e
_ ik _ (1 + ri+2) 1 ’LLl 2,k + (1 + Ti+2) 1 (1 + 7‘1’-&-3) 1 sz 1,k
hik Rk hik
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with

Biyg ) hig = By [ Bimy G =12,

By,
(Riz1)" @an)?2”

is thereby given in equation (B.1), only depending on model parameters 02, A1, A2, A3, ¥; 41, ¥; 40,

Generation ¢’s expected received bequests divided by their notional human capital level,

Viyss Titls Tit2, Tid3s Pri—afs Pri—1fs Plifs Pli—2m> Plicims Plims P2i-2> P2i-1> P2ir Tit2,f

Tit3,f+ Tidd, > Tit2,m> Tit3,m> Titd,m, Pi—2, i1, @i, B, aw, agi—2, agi—1, g, and ag. W
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